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Sintesi

Negli ultimi anni con sempre maggiore interesse é stata considerata la pos-
sibilita di far ricorso a processi biologici anaerobici per la degradazione dei
substrati organici ed inorganici. Tale indirizzo é stato certamente favorito
dal limitato impegno economico all’uopo richiesto, potendo al contrario, tal-
volta addirittura contare sulla produzione di una miscela gassosa ad elevata
valenza energetica (e quindi economica), qual’é il biogas. Ne sono conseguiti:
da un lato, applicazioni a substrati sempre pitt complessi, comunque diversi
da quello tradizionale, costituito dai fanghi della depurazione; dall’altro, il
ricorso a nuove configurazioni impiantistiche, classificabili sia tra quelle a
colture sospese che nell’ambito dei sistemi a colture adese. A tale ampia
casistica di applicazioni fa da contraltare la mancata disponibilita di modelli
matematici idonei a simulare le complesse reazioni che hanno luogo all’interno
delle unita di processo anaerobiche, che possano costituire adeguati strumenti
sia di dimensionamento che di verifica delle relative prestazioni. In tale con-
testo, obiettivi precipui del lavoro svolto durante il dottorato di ricerca sono
stati:

1 - I'analisi dei fenomeni che si succedono nel corso dei processi di trasfor-
mazione per via biologica anaerobica di substrati complessi, anche diversi dai
fanghi della depurazione; 2 - la messa a punto di una serie di modelli mate-
matici, riferiti a substrati e a sistemi diversi, i cui codici di calcolo sono stati
implemetati in ambiente MATLAB®).

In particolare, relativamente a questo secondo obiettivo si ¢ provveduto
alla messa a punto sia di due diversi codici di calcolo applicabili a sistemi
biologici a colture sospese per la degradazione di composti organici comunque
complessi e/o di composti inorganici che di un terzo codice di calcolo idoneo a
simulare la degradazione anaerobica di substrati disciolti in sistemi biologici
a colture adese. Per la calibrazione e la validazione del primo codice di calcolo
sono stati anche eseguiti numerosi test di biometanazione, sia su substrati
puri di diversa natura che su loro miscele.

La descrizione dei modelli matematici e dei relativi codici di calcolo per
i sistemi a colture sospese é riportata nel Capitolo IV . Il primo di tali
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due modelli riguarda la degradazione anaerobica in sistemi CSTR, di miscele
di diversi substrati (co-digestione). Esso & basato sulle equazioni differen-
ziali di bilancio di massa relative ai substrati, ai prodotti intermedi ed ai
prodotti finali, nonché alle specie batteriche coinvolte, prendendo in con-
siderazione le reazioni chimiche e biochimiche di trasformazione dei substrati
biodegradabili e le cinetiche di crescita e decadimento dei gruppi microbici che
si sviluppano all’interno del reattore biologico. Nel dettaglio, sono stati con-
siderati 5 processi fondamentali (Figura 1.1), vale a dire disintegrazione del
substrato organico complesso, idrolisi extracellulare, acidogenesi, acetogenesi
e metanogenesi, descritti seguendo un approccio analogo a quello proposto
dall’Anaerobic Digestion Model n°1 ([4]) dell’International Water Associa-
tion (IWA), che é stato assunto come base di partenza per lo sviluppo del
modello di co-digestione. L’approccio proposto dall'TWA é stato seguito an-
che nella scelta della rappresentazione matriciale (Tabelle 1a e 1b Appendix)
che, insieme alla verifica dei bilanci di massa, racchiude le espressioni ci-
netiche e la stechiometria del modello. Il modello proposto si differenzia
dal’ADM1 per vari aspetti: i) la descrizione degli equilibri acido-base; ii)
le equazioni di bilancio sul carbonio e sull’azoto per le quali é stato usato
I'approccio proposto da [5]; iii) la cinetica del processo di disintegrazione,
che gioca un ruolo fondamentale nel caso di substrati comunque complessi;
iv) il frazionamento dei prodotti della disintegrazione in una componente
rapidamente biodegradabile e una componente lentamente biodegradabile.
Il secondo modello relativo a sistemi CSTR a colture sospese ¢ applicato
al processi di riduzione dei solfati, ed € stato finalizzato alla simulazione in
condizioni dinamiche dei processi fisici, chimici e biologici che hanno luo-
go nei reattori gas-lift. Il modello, basato su equazioni differenziali di bi-
lancio di massa su substrati, famiglie microbiche e prodotti delle reazioni
biologiche, é in grado di simulare la competizione tra le varie specie bat-
teriche presenti, e di modellare il rendimento del reattore. Il modello é costi-
tuito da due moduli fondamentali. Un modulo cinetico in cui é inclusa la
crescita, il metabolismo, la crescita microbica nonché 'andamento dei sub-
strati considerati; un secondo modulo termodinamico volto alla modellazione
dei trasferimenti di massa tra la fase gassosa e la fase liquida e viceversa.
La sperimentazione utilizzata per la calibrazione e la validazione del primo
dei modelli appena citati é descritta nel Capitolo II. All’'uopo sono stati
eseguiti 57 test di biometanazione, che hanno richiesto 'avvio di 171 reat-
tori. Le matrici utilizzate sono state: fanghi della depurazione di reflui ur-
bani, frazione organica del rifiuto solido urbano (FORSU), liquami zootecnici
(bovini, suinicoli, avicoli e soprattutto bufalini), scarti ortofrutticoli, matrici
sintetiche atte a simulare particolari substrati organici. Tali matrici sono
state degradate singolarmente o dopo loro opportune miscelazioni. Il con-
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fronto dei dati sperimentali con quelli numerici é stato effettuato attraverso
I’utilizzo di un algoritmo di calibrazione appositamente messo a punto, ricor-
rendo a tre differenti indici: lo scarto quadratico medio (Root Mean Square
Error - RMSE); il grado di efficienza di modellazione (Modelling Efficiency -
ME); l'indice di accuratezza (Index of Agreement - [oA).

La descrizione del modello matematico e del codice di calcolo riferiti a
sistemi a colture adese é riportata nel Capitolo V. Tale modello presenta
un’elevata flessibilita in quanto consente di trattare qualsiasi cinetica micro-
bica, qualsiasi configurazione del reattore e tutti i meccanismi di distacco
della biomassa. Esso puo essere utilizzato per avere risposte a breve termine
sulle performance del biofilm a seguito di variazioni dei substrati all’interno
del bulk liquido cosi come informazioni a lungo termine relative allo spessore
del biofilm ed alla distribuzione spaziale della biomassa.

Il modello matematico proposto ¢ basato fondamentalmente sulla seconda
legge di Fick per quanto riguarda i substrati e su una nuova equazione di bi-
lancio di massa per quanto riguarda le specie microbiche adese al supporto
inerte. Entrambe le equazioni rivestono particolare rilevanza nell’ambito
della modellazione dei multispecies biofilm, in quanto descrivono fondamen-
talmente i due processi che sono alla base dello sviluppo di una pellicola
biologica: la diffusione dei substrati e la crescita della biomassa intesa come
un flusso convettivo. D'output principale del modello é costituito dall’indi
viduazione della distribuione spaziale della biomassa e dei profili di concen-
trazione dei substrati all’interno del biofilm. Le procedure numeriche sono
state testate e implementate nel caso di un biofilm microbico solfato ridut-
tore e sono stati presentati i risultati delle simulazioni effettuate al variare dei
parametri che governano il processo. Nello specifico, sono state investigate le
performance del biofilm in termini di dinamiche dei substrati e distribuzione
della biomassa al variare del rapporto di alimentazione COD/SO;".



Introduction

On the last decades the recourse to the anaerobic degradation processes as
system to treat organic solid wastes became more and more frequent. The
reason of this new tendency in treatments of solid wastes can be explained
considering mainly three factors [6, 7, 8]: i) the need of applying a process
to dispose of organic solid wastes more environmental friendly than landfills
as requested by the latest rules concerning the environmental protection in
many countries in the world; ii) the opportunity to obtain from this process
a renewable fuel called biogas alternative to fossil ones; iii) the advantage of
relatively low costs in starting up and managing this process. The anaero-
bic process is a multi-step biological process thank to which the originally
complex and big sized organic solid wastes are progressively transformed in
simpler and smaller sized organic compounds by different bacteria strains up
to have a final energetically worthwhile gaseous product, called biogas, and
a semi-solid material, called digestate, rich in nutrients and thus suitable for
its utilization in agricultural contexts [9]. Despite the linearity according
to which the anaerobic processes of organic solid wastes evolves, these sys-
tems are commonly prone to drops in performance due to the occurrence of
dysfunctions or failures that make it strongly dependable on the choice of
the substrates as well as on the environmental and operating conditions [10].
This last aspect can be reasonably considered the only drawback of these
processes in treating solid organic wastes. Anaerobic degradation processes
are easily performed in biological reactors where mixers and heater exchang-
ers could be the only technological and power consuming equipments needed.
Moreover these processes can gain money by disposing of organic solid wastes
as well as selling the biogas or the power generated by its combustion and,
when possible, the digestate as fertilizer in agriculture.

These processes have therefore opened up interesting perspectives not
only for the treatment of the organic solid wastes, but also for the production
of a renewable source of power, that is cheap and easy to obtain. Nevertheless
the anaerobic processes are still affected by sceptical judges about their uti-
lization as processes to treat organic solid wastes because of not comforting
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past experiences mainly due to a lack of knowledge about this topic.

Mathematical models enable the representation of the main aspects of a
biological system. They improve the understanding of the system, the for-
mulation and validation of some hypothesis, the prediction of the system’s
behavior under different conditions, reducing, consequently, the experimental
information requirements, costs, risk and time (|11]). Mathematical models
must be a useful tool able to improve the understanding of biological pro-
cesses and to predict the behaviour of the system.

This thesis has two main purposes. The first objective is to conduct an
experimental work in order to understand the dynamic of anaerobic processes
and to determine the biomethane potential of new substrates. The second
objective is the development of mathematical models able to simulate under
dynamic conditions the physical, chemical and biological processes prevail-
ing in a anaerobic degradation processes. The application of mathematical
models can help to develop, and improve, the design and the management of
these technologies.



Structure of this thesis

Chapter I of this thesis reports a general introduction on anaerobic biolog-
ical processes and a general description of environmental factors influencing
these processes; Laboratory experiments are presented in Chapter II of this
thesis. In particular several anaerobic biomethanation tests are carried out
in order to: i) evaluate the anaerobic bio-degradation of different substrates;
ii) obtain experimental results for calibration and validation of mathemati-
cal models presented in Chapter IV. A briefly literature review of existing
mathematical models of biological anaerobic processes, focused in particular,
on anaerobic digestion and anaerobic codigestion is reported in Chapter
ITII. In Chapter IV a mathematical model, based on ADM1 approach [4],
for suspended-growth bio-reactor are described. In particular the proposed
model consider a new approach, based on surface based kinetics, for disinte-
gration process. Numerical results are also presented in the chapter.

In Chapter V two Mathematical model for anaerobic attached-growth
system are presented. The first model is a 1D multispecies biofilm model
applied on sulfate reducing biofilm. The second one is a multispecies biofilm
describing formation of Initial cell layer. The existence and uniqueness of
solution are proved for both models.



Chapter 1

Biological anaerobic processes

1.1 Biokinetic of anaerobic degradation processes

The anaerobic anaerobic degradation processes are biochemical processes,
where in anaerobic condition, is possible to degrade complex organic matter,
with the production of a biological gas mixture, named "biogas" composed
mostly by methane and carbon dioxide.

I Complex Organic Matter I

Disintegration
A4

I Organics macromolecules I

Hydrolysis
A4

I Soluble Monomers I

Acidogenesis
A4

| Organic Acids I

y

I Acetic acid & Hydrogen I

Acetogenesis

Methanogenesis

A4

| BIOGAS I

Figure 1.1: Main Steps anaerobic degradation of organic matter

The biogas shows an interesting calorific value 20000 = 24000 K.J Nm?;
for this reason, it could be considered as an important renewable energy

resource.
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The different types of substrate and the different biochemical process con-
ditions bring to complex organic matter degradation rate and consequently
biogas production rate included in 40% to 90% range. These processes are
carried out by a bacterial consortium and involve a more intricate series
of metabolic reactions before final conversion to methane [12|. The Slow-
est among this processes determines the overall anaerobic digestion process
velocity. Nutrients (i.e Nitrogen and Phosphorus) are not removed during
anaerobic processes. Anaerobic processes are strongly dependable on the
operational conditions, such as temperature, pH, carbon-to-nitrogen ratio
(C/N) and inhibitors content. The substrates most commonly used to feed
the anaerobic digesters are livestock manure, organic fraction of the munici-
pal solid waste (OFMSW), wastes generated from food factories and farming
[13]. The anaerobic degradation process can be divided into five main steps
(Figure 1.1). The first two steps, disintegration and enzymatic hydrolysis,
are extracellular (partly non biological) as well as the other three steps, aci-
dogenesis acetogenesis and methanogenesis are cellular (biochemical). In the
disintegration step the complex organic matter is degraded to macromolec-
ular substrates that can be successively hydrolyzed. During the hydroly-
sis, hydrolytic bacteria degrade macromolecular substrates to their respec-
tive soluble monomers (in particular monosaccharides, aminoacids and fatty
acids). During the acidogenesis (fermentation), fermentative bacteria con-
vert monomeric organic substance to hydrogen or formate, carbon dioxide,
pyruvate, volatile fatty acids, and other organic products. From the achieved
products of acidogenesis step, the acetogens bacteria give acetic acids, car-
bon dioxide, and hydrogen. The production of Methane is the final step of
anaerobic metabolism. The methane formation can be obtained by two main
pathways: conversion of acetic acid by acetoclastic methanogenic bacteria,
known as acetoclastic methanogenesis, and methanogenic respiration of car-
bon dioxide by hydrogenofil methanogenic bacteria, known as hydrogenitrofic
methanogenesis.

1.2 Environmental factors affecting anaerobic
degradation processes

Achievement optimal and stable reaction conditions is the goal of a correct
control strategy. For the anaerobic digestion this fact is very important be-
cause methanogenesis is particularly sensitive on the environmental change of
reaction conditions. The most important parameters are: Temperature, pH,
Nutrients concentration, Alkalinity, Gas Production and Toxic Substances.
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Temperature

The anaerobic degradation processes are governed by several microbial species,
since the variation of process temperature is very important. A variation of
process temperature does not bring only a simple acceleration or slow-down
of metabolic processes, but determines the replacement of microbial species
present into reactor. In particular, methanogenesis is strongly influenced by
this temperature, in general there are three optimal ranges of anaerobic di-
gestion operation: i) psycrophilic condition less than 20 C°, ii) mesophilic
condition 25 <+ 40C°, iii) thermophilic condition 45 = 60C°. It is also pos-
sible to obtain anaerobic digestion process at ultra-thermophilic condition
with temperature major than 60 C°. While there aren’t many applications
of psycrophilic anaerobic digesters, mesophilic and thermophilic anaerobic
digesters are widely used. Mesophilic temperatures are preferable because
the process is more stable and manageable than thermophilic temperatures.
Thermophilic temperatures offer better yields, faster kinetics, and conse-
quently, higher biogas production. Therefore, it can be said that although
biogas production yields and bioreactor kinetics can be more favourable at
thermophilic temperatures, optimal conditions depend on the type of sub-
strates — concentration and biodegradability — and the type of system used.

pH

The pH gives an indication of process stability, because a pH change suggests
equilibria variations of microbial species involved into anaerobic digestion
process. The pH value in a digester depends mainly on dioxide carbon in lig-
uid phase, hence on her partial pressure into biogas, and on organic acid and
ammonia concentration. It’s important to note that, pH can give informa-
tions about process instability, but with delay respect to the effective trends
of process, because pH trends depend on alkalinity of the system. Further-
more, the pH response has low sensitivity in a well-buffered system|[14]. The
overall anaerobic process occurs at maximum rate in the pH range 6-8. For
a pH below 6, the activity of the methane—forming bacteria drops rapidly so
that at a pH of 5.5 they have largely stopped their activity [15].

Biogas composition

Monitoring biogas composition (in terms of methane and dioxide carbon
concentration) is a traditional parameter since high carbon dioxide content
indicates inadequate process performance. However, the carbon dioxide con-
tent is dependent on pH and, consequently, fluctuation of pH can affect the
gas composition without decreasing methane production [16].
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Alkalinity, buffering effect

The anaerobic processes influence the alkalinity. The acid step reduces the
alkalinity and the methane step increases it. The overall result is a small
reduction in alkalinity [15]. Alkalinity of 3000 <+ 5000 mgCaCOj per liter is
typical for a stable digestion process.

VFA

During acid step there is the formation of volatile fatty acids (VFAs) that
are fatty acids with a carbon chain of six carbons or fewer, named also short
chain fatty acids (i.e. acetic acid; propanoic acid; butyric acid; valeric acid
and caproic acid). The concentration of VFA, expressed as mg of Acetic acid
per liter [mgAc/l], depends on the type of substrate. VFA concentration
200 + 2000 mgAc/l is typical for a stable digestion process. Monitoring
the trends of VFAs concentration is more important than of absolute VFAs
concentration. Faster change of VFA concentration suggests an increase of
acidogenic activity and a decrease of methanogenic activity.

Ratio of VFAs to Alcalinity

VFA concentration and Alkalinity are the parameters that show a faster
change when there are imbalances into anaerobic digester: VFAs increase
while alkalinity decreases. The ratio of VFAs to Alkalinity is a good indicator
of impeding failure. Value of VFAs to Alkalinity ratio near to 0,3 suggests
good process performances.



Chapter 2

Experiments

2.1 Materials and methods

2.1.1 BMP tests methodology

The Bio-Methane test (BMP) can be used as an index of the anaerobic
biodegradation potential as it is the experimental value of the maximum
quantity of methane produced per gram of VS. The BMP is measured with
the BMP test, which consists in measuring the bio-methane or biogas pro-
duced by a known quantity of waste in batch and anaerobic conditions. The
approach of the BMP test is simple, an organic substrate is mixed with an
anaerobic inoculum in defined operational conditions, and the gas evolved is
quantified by a specific measurement method. In literature there are different
attempts to define a standard protocol in order to gain comparable results
but so far such standardization has not been reached.

One of the last attempts to define a common protocol for BMP testing
with some basic guidelines for a common procedure was given in [17]. Some
studies are also published in literature, aimed at collecting data and methods
that are commonly used by different international laboratories [18]. The last
collection of data, from 19 laboratories, was done in [19], with the aim of
providing an extensive database for BMP results in terms of specific methane
yield and degradation rates as a function of the experimental conditions
selected.

Protocols for BMP tests should be provided for a clear setting of all
those parameters that can affect significantly the experiments results, such
as temperature, pH, stirring intensity, physical and chemical characteristics
of substrates, substrate/inoculum (S/I) ratio. Temperature affects the bio-
methanation rate and usually higher temperatures imply greater methane
yields in a shorter digestion time. Nevertheless sharp increases of temper-

11
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ature should be avoided because they can cause a decrease in bio-methane
production due to the death of specific bacteria strains, particularly sensitive
to temperature changes [20]. To keep constant the temperature during BMP
tests it is needed to submerge the reactors in a water bath kept at the se-
lected temperature [21] or to incubate them in a thermostatically controlled
room [22].

BMP tests have to be carried out keeping the pH around the neutral-
ity (values ranging between 7.0 to 7.8). pH values below 6.0-6.5 inhibit the
methane bacteria activity. To avoid drops in pH chemicals are added to the
organic substrate to supply a buffer capacity. Sodium bicarbonate, sodium
hydroxide, sodium carbonate and sodium sulphide are the most used chem-
icals [23]|. Stirring intensity guarantees an uniform moisture content and
maximizes the contact between substrates and microorganisms. Mixing can
be provided by several ways: turning manually up to down the reactors once
a day [17], using stirring magnet bar, using an external agitation systems
[24] Substrate particles size affects significantly the BMP tests [[25], [26],
[27], [28], [29]] as it influences the ratio between surface and volume for each
organic particle. This ratio is relevant since microorganisms can degrade
only the substances present on the organic solids surface. Substrate/inocu-
lum (S/I) ratio influences the performance of BMP tests. According to [30]
a S/I ratio ranging between 0.5 and 2.3 gVS/gVS can prevent acidification
phenomena. Instability in the anaerobic process, such as high COD content
in the effluent and volatile fatty acids (VFAs) accumulation, occurs with
S/I ratio lower than 0.5 [31]. Further studies [32] showed that the biogas
yield is in an inverse proportion to the S/I ratio in the range 1.6-5.0. In
literature different methods to measure the biogas produced are used. The
most common are the manometric and volumetric methods. The manomet-
ric method measures the biogas production by the overpressure generated by
biogas inside the reactor where volume and temperature are kept constant.
The overpressure can be measured using a common differential manometer or
a more sophisticated pressure transducer [33] The volumetric method mea-
sures the biogas produced when pressure and temperature are kept constant.
One of simplest volumetric methods connects the reactor with a graduated
piston [25]. Another equipment that uses the liquid displacement to measure
the biogas produced is the Eudiometer described in detail in [34]. Systems
similar to Kudiometer can be built using graduated reverse cylinder filled
with a barrier solution inside [35]. Volumetric methods permit to know the
biogas composition as percentages of C'H, and C'O, by using a gas chromato-
graph or measuring directly the C'H, flow after removing C'O, from biogas
by bubbling it through a NaOH2N solution.
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2.1.2 BMP tests set up and operation

The experimental tests represent the most powerful tool to remove all those
doubts that still hamper the full establishment of the anaerobic digestion as
the environmentally and economically most convenient and helpful process
to treat organic solids. Among all available experimental methods, the bio-
methane potential (BMP) tests are those that have been most successful,
mainly thanks to their easy set up and conduction as well as the useful
information obtainable from them.

Figure 2.1: Biomethanation test

The BMP tests are conducted in batch conditions and in bench scale,
measuring the maximum amount of biogas or bio-methane produced per
gram of volatile solids (VS) contained in the organics used as substrate in
the anaerobic digestion process [36]. Furthermore relevant elements coming
from the conduction of such tests are mainly the environmental and operating
conditions that could lead the process to failure, the time needed to have a
complete substrate degradation, the average rate of bio-methanation for each
substrate investigated, the evaluation of the digestion kinetics by coupling
the BMP tests results to a mathematical model simulating the anaerobic
digestion.

The relevance of the BMP tests as useful tool to improve the knowledge
on the anaerobic digestion process to treat organic wastes. BMP test al-
low to improve our knowledge about the biodegradability of the substrate
investigated, the relative specific rate of bio-methanation, the theoretical
production of bio-methane and the disintegration process kinetics.

These tests were conducted using either pure substrates or a mixture of
two substrates in order to investigate also the effect that the combination of
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different organic wastes has on the digestion process (co-digestion). Indeed
according to recent studies [37, 38, 39, 40, 41, 42|, the concurrent presence
in the same anaerobic reactor of different organic wastes can improve the
performance of the digestion process. The co-digestion of different organic
substrates has been studied during the last 10-15 years and the results have
showed a synergic effect of the combined treatment as the biodegradability
of the resulting mixture was higher than the biodegradability of the single
substrates when investigated separately. In particular, the combination of
different substrates with proper percentages of each fraction can result in the
production of a mixture with a Carbon:Nitrogen (C:N) ratio included in the
optimal range 20 : 1 + 30 : 1 [43].

Analogous results were obtained with regard to the Carbon:Phosphorous
(C:P) ratio. Therefore the above-cited improvement of the biodegradability
characteristics of the solid mixture is substantially due to the C:N:P ratio
adjustment. Further benefits of the co-digestion are higher biogas and energy
production [44] and the decrease of the amount of solid waste to be disposed
due to the gasification of a higher percentage of the substrate.

Each BMP test, reported in this work, was performed under controlled
and reproducible conditions in a 1000 mL glass bottle GL 45 (Schott Duran,
Germany) 2.1. Each bottle was partially filled with inoculum and a substrate,
according to a ratio equal to 2 between their VS content; tap water was added
up to a 500 mL total volume. Small amounts of Nay;C'O3 powder, ranging
from 0.10 to 0.60 g, were also added (Table 2.2 and 2.4) to prevent critical
drops in pH. Each bottle was sealed with a 5 mm thick silicone disc that was
held tightly to the bottle head by a plastic screw cap punched in the middle
(Schott Duran, Germany). All bottles were shaken for 30 min at 80 rpm speed
by bottle shakers KI-2 (Edmund Biihler, Germany) and were immersed up
to half of their height in hot water, kept at a constant temperature of 35+ 1C'
by 200W A-763 submersible heaters (Hagen, Germany). Once a day, each
bottle was connected by a capillary tube to an inverted 1000 mL glass bottle
containing an alkaline solution (2% NaOH) and sealed in the same way as
done for the BMP bottle. To enable gas transfer through the two connected
bottles, the capillary tube was equipped on both ends with a needle, sharp
enough to pierce the silicone disc.

2.1.3 Analytical measurements
Sludge and synthetic solid waste characterization

The weight, Total Solids (TS) and Volatile Solids (VS) concentration of the
granular anaerobic sludge as well as the dry matter, moist organic matter and
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ash content of pasta, cheese and dewatered sludge were determined according
to Standard Methods [45]. The composition of both pasta and cheese, in
terms of carbohydrates, proteins and lipids, was taken from the respective
packaging labels and was experimentally verified according to the procedures
described in the Handbook of Food Analysis [46].

Methane production

Daily methane production was monitored using an inverted 1000 mL glass
bottle filled with a 2% NaOH solution and connected to the digester by a
capillary tube.

m

Figure 2.2: Biomethanation test

The volume of alkaline solution displaced from the 1000-mL bottle, which
was collected and measured using a graduated cylinder, was assumed to
be equivalent to the volume of the daily methane production. The CO,
contained in the biogas did not affect the volumetric methane measurements
as the CO, was dissolved in the alkaline solution.

pH and temperature monitoring

Temperature and pH of all mixtures investigated were monitored for at least
once a day with a TFK 325 thermometer (WTW, Germany) and a pH meter
(Carlo Erba, Italy), respectively.
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Measurements

TS and VS contents as well as Fj; of each substrate were measured accord-
ing to Standard Methods [45]. F,. was obtained by multiplying by 6.25 the
organic nitrogen content of each substrate (TKN minus NH4-N) measured ac-
cording to Standard Methods [45], whereas F,, was evaluated by subtracting
the sum of proteins and lipids from VS content [47]|. Daily methane produc-
tion was monitored measuring the volume of alkaline solution displaced from
the measure bottle and collected in a graduated cylinder. The C'O, contained
in the biogas did not affect the volumetric methane measurements as it was
dissolved in the alkaline solution. Temperature and pH in each BMP bottle
were also monitored for at least once a day with a TFK 325 thermometer
(WTW, Germany) and a pH meter (Carlo Erba, Italy), respectively.

2.2 Anaerobic Digestion of pure substrates

2.2.1 Manure Waste anaerobic digestion
Experimental design

BMP tests were conducted using three different livestock manure (i.e. Buffalo
manure(BM), Poultry manure (PM) and Swine manure (SM)), whose main
characteristics in terms of Total Solids (TS), VS, Carbohydrates Fraction
(F.1), Proteins Fraction (F,,) and Lipids Fraction (F};) are shown in Table2.1.
In particular, BMP tests were conducted on each manure (identified by the
test indexes T1, T2 and T3). A further BMP test (identified by the test
index T4) was conducted on the inoculum, to estimate the volume of methane
resulting by the fermentation of the organic matter contained in the anaerobic
sludge. In total, 4 BMP tests were conducted, each of them in triplicate
(Table2.2).

Parameter Units BM PM SM  Inoculum
TS g/kg,wet 102.74+0.8 867.1+2.0 101.5 140.9+0.8
VS g/kg,wet 81.4+0.6 3652+1.4 83.06 85.4+0.5
F, g/g,dry 0.18 0.30 0.35 -
For g/g,dry 0.31 0.20 0.28 -
Fy; g/g,dry 0.017 0.015 0.012 -

Table 2.1: Main characteristics of the organic solid wastes used in BMP tests
Tl: TQ and Tg.
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Test BM PM SM Inoculum NasCOs3
Mass|g] Mass|g] Mass|g] Mass|g] Mass|g]
T 77.61£0.64 - - 150.22+£0.62 0.35+0.04
T - 17.61 £0.51 - 150.15+0.89  0.55 £ 0.06
T3 - - 76.87£0.37 150.224+0.62 0.3040.01
Ty - - - 150.16 £ 0.77  0.45 + 0.05

Table 2.2: Mass composition of organic matrix for BMP tests 77 — T}

Substrates collection and preparation

PM, SM and BM were collected from a farm in Albanella, near Salerno, in
the southern Italy and stored in 10 L buckets at 4°C. Granular anaerobic
sludge, used as inoculum, was taken from an Upflow Anaerobic Sludge Blan-
ket (UASB) reactor treating the wastewater produced by a potatoes factory.

Methane production from manure

Figure 2.3 shows the cumulative methane production from the BMP tests
conducted using pure substrates: 7} and T3 gave the highest and lowest
methane production, respectively; intermediate values were obtained from
TQ.

T; gave the fastest bio-methane production. After twenty days the pro-
duction of the three BMT are approximatly the 80% 70% 60% of total bio-
methane potential. For all the substrates, after 80 days the methane pro-
duced was close to the maximum obtainable, indicated by the achievement
of the plateau.

2.2.2 Organic solid Waste anaerobic digestion
Experimental design

BMP tests were conducted using two different organic wastes (i.e. Organic
fraction of municipal solid waste (OFMSW) and greengrocery waste (GW)),
whose main characteristics in terms of Total Solids (TS), VS, Carbohydrates
Fraction (F.,), Proteins Fraction (F,,) and Lipids Fraction (F};) are shown
in Table2.3. In particular, BMP tests were conducted on each pure substrate
(identified by the test indexes Ts, Tg) A further BMP test (identified by the
test index E3) was conducted on the inoculum, to estimate the volume of
methane resulting by the fermentation of the organic solids contained in the
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Figure 2.3: Cumulative bio-methane production from BMP tests 77 — T3

anaerobic sludge. In total, three BMP tests were conducted, each of them in
triplicate Table2.2.

Substrates collection and preparation

Representative samples of OFMSW and GW were collected according to the
waste sampling methodology [48| from the household source-separated wastes
and the fruit and vegetable market of Naples respectively. Both samples of
OFMSW and GW were ground and sieved as far as to have an homogeneous
material composed of particles with size ranging between 1 and 2 cm.
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Par Units OFMSW GW Inoculum
TS g/kg,wet 3347409 151.8+0.5 140.9+0.8
VS  g/kg,wet 251.44+0.7 140.94+0.3 854+0.5
F., g/g,dry 0.28 0.32 -
For  g/g,dry 0.18 0.17 -
F;  g/g,dry 0.25 0.02 -

Table 2.3: Main characteristics of the organic solid wastes used in BMP tests
T5 and T6.

Test OFMSW GW Inoculum NasCO;3
Mass|g] Mass|g] Mass|g] Mass|g]
Ts 24.434+0.38 - 150.224+0.62 0.35£0.04
Ts - 56.45+0.72 150.32+0.65 0.60+0.04
T - - 150.27+£1.05 0.30 £0.04

Table 2.4: Mass composition of organic matrix for BMP tests T5 — T%

Methane production from organic solid wastes

Tests T5 and Tg were conducted on the two pure substrates OFMSW and

GW.
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Figure 2.4: Cumulative bio-methane production from BMP tests T5 and Tg
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2.3 Anaerobic co-digestion

2.3.1 Buffalo manure and Organic solid waste co-digestion
Experimental design

Figures 2.3 and 2.4 show the cumulative methane production from the BMP
tests conducted using pure substrates. The methanization process was faster
when OFMSW (7T5) and GW (T§) were used as substrate rather than livestock
manure, as shown by the initial slope of the cumulative curves (Figure 2.4).
For all the pure substrates, after 80 days the methane produced was close to
the maximum obtainable, indicated by the achievement of the plateau. After
30 days the methane obtained by T%, Tg, 17, 15 and T3 were respectively, corre-
sponding to 90%, 89%, 79% and 78% of the relating total methane produced
after 80 days. These differences in the amount of methane produced as well as
in the production rate between organic solid wastes and livestock manure are
explainable considering that the first substrates are more biodegradable than
the second ones since they were not preliminary passed through the digestive
system of animals. On the other hand a high biodegradable substrate, such as
OFMSW, can cause problems in the progress of the digestion process since
the production of VFAs can be faster than their conversion into methane.
When this event happens a sharp drop in pH occurs and consequently the
digestion process becomes slower or can even fail. The occurrence of these
failures can be avoided if the organic substrate has a sufficient buffer capacity.
From this point of view, the ammonia contained in livestock manure could
turn from a cause of inhibition [49] into a positive element for the biological
process, supplying the requested buffer capacity [50]. Moreover livestock ma-
nure contains enzymes and a high number of microorganisms that can make
faster and also more efficient the biological process, as enzymes can help to
consume the less biodegradable components of the municipal organic solid
wastes such as cellulose. On the basis of the previous considerations, it was
decided to mix organic solid wastes and livestock manure and assess their
synergistic effect by means of further BMP tests. BMP tests were conducted
using two mixtures obtained mixing BM and OFMSW in VS percentages of
50 and 50% and 70 and 30%, VS,respectively (identified by the test indexes
Tr and Tg). A further BMP test (identified by the test index Ty) was con-
ducted on the inoculum, to estimate the volume of methane resulting by the
fermentation of the organic solids contained in the anaerobic sludge. In total,
3 BMP tests were conducted, each of them in triplicate Table2.6.
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Par Units BM OFMSW GW Inoculum

TS g/kg,wet 102.7+0.8 334.7+0.9 151.8+0.5 140.9+0.8
VS  g/kg,wet 81.4+06 2514407 1409+03 854405

F., g/g,dry 0.18 0.28 0.32
For  g/g,dry 0.31 0.18 0.17
F,  g/g,dry 0.017 0.25 0.02

Table 2.5: Main characteristics of the organic solid wastes used in BMP tests.

Substrates collection and preparation

Tests 17 and Ty were conducted on mixtures composed of the two pure sub-
strates chosen between livestock manure and organic solid wastes, i.e. BM
and OFMSW.

Test BM PM OFMSW GW Inoculum NayCO3
Mass|g] Mass|g] Mass|g] Mass|g] Mass|g] Mass|g]
17 49.06 £0.51 - 11.19£0.22 - 150.08 £0.93 0.35=£0.05
Tg 68.68 £ 0.62 - 6.71 £0.18 - 150.34 £0.89 0.25£0.02
Ty - - - - 150.224+0.62 0.35£0.04

Table 2.6: Mass composition of organic matrix for BMP tests T7; — T

Methane production from mixtures of organic substrates

These tests focused on the effect of mixing different substrates on methane
production (Figure 2.5). The highest methane production was achieved in
test T'5, corresponding to the mixture characterized by the higher percentage
of OFMSW. However it is interesting to notice that the co-digestion of two
substrates was completed in almost 60 days, which is faster if compared with
the digestion of the pure substrates, completed in a time longer than 80
days. This is due to the following main characteristics of the mixtures of
BM and OFMSW: i) higher buffer capacity if compared with pure OFMSW,
ii) natural presence of anaerobic-methanogenic biomass in livestock manure
and iii) better balance in carbon and nutrients content. Moreover, Figure
2.5 shows that the methane volume obtained at any day from the mixture
of organic wastes is higher than the sum of the amounts produced when the
same organic wastes were separately digested. For instance, after 15 and 30
days the mixture of test T5 gave a 30% and 12% higher methane production,
respectively (Fig. 3a), whereas the same volume of methane produced in test
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T6 at day 30 is obtainable by summing the amounts produced individually
by the single pure substrates after almost 75 days. This means that the
co-digestion of different substrates reduces the time needed to complete the
digestion process, making possible to realize smaller size digesters.
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Figure 2.5: Cumulative bio-methane production from BMP tests T7 and Ty

2.3.2 OFMSW and sewage sludge co-digestion

Experimental design

BMP experiments were performed using synthetic organic waste substrates
with known concentrations of carbohydrates, proteins and lipids. The choice
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of the substrates was determined by the need for the knowledge of carbo-
hydrates, proteins and lipids in the digester influent, which are not easy to
measure in OFMSW samples. Cumulative methane production from nine
different mixtures of synthetic organic waste and anaerobic sludge was in-
vestigated. The composition of the organic mixtures in terms of the ratio
between organic matter and anaerobic sludge, solid particle size and percent-
age of carbohydrates, lipids and proteins on a dry basis are reported in Tables
2.7. In addition to the tests conducted in triplicate with the three solid or-
ganic mixtures, a further test was conducted using only anaerobic sludge as
the organic substrate to estimate the volume of methane resulting from the
fermentation of the organics contained in the anaerobic sludge. Thirty tests
were performed.

TEST %OIJ; Initial Radius Carbohydrates Lipids Proteins
[dimensionless] [mm] (%] (%] (%]
Ay 1 0.5 70 12 18
By 1 1.5 70 10 20
Ch 1 2.5 70 12 18
As 1 0.5 12 50 38
B 1 1.5 11 50 39
Co 1 2.5 12 50 38
As 1 0.5 35 35 30
B3 1 1.5 35 34 31
Cs 1 2.5 35 35 30
D 0 - - - -

Table 2.7: Composition of the organic mixtures in terms of the ratio between
organic matter and anaerobic sludge, solid particle size and percentage of
carbohydrates, lipids and proteins on a dry basis.

Anaerobic digestion was performed on a small scale under controlled and
reproducible conditions as reported in section 2.1.2

Substrates collection and preparation

Three different criteria were used to select the composition of the synthetic
organic waste used for biomethanation tests: (i) the ratio between anaero-
bic sludge and synthetic organic waste expressed in terms of Volatile Solids
(VS) content; (ii) the synthetic organic waste particle size; (iii) the synthetic
organic waste in terms of the content of carbohydrates, lipids and proteins.
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Hard wheat pasta Cow cheese Anaerobic sludge Nay;COs3

TEST

9] l] K [%]
A 15.0 4.4 150.0 0.20
B, 15.0 4.2 173.0 0.20
C, 15.0 4.4 150.0 0.20
Ay 2.4 22.6 196.0 0.40
B, 2.2 22.0 193.0 0.30
Co 2.4 22.6 196.0 0.40
As 4.6 10.0 114.0 0.20
By 4.6 10.0 121.0 0.30
Cs 4.6 10.0 114.0 0.30
D - 100 -

Table 2.8: Mass composition of the organic mixtures (on a wet basis).

Figure 2.6: Synthetic organic waste

The thirty solid organic mixtures described in Tables 2.7 and 2.8 were
made up using three types of pasta with different sizes, i.e., radius of 0.5 mm
(Tempestina by pasta factory Rummo, Italy), 1.5 mm (Spaghetti alla chi-
tarra by pasta factory Garofalo, Italy) and 2.5 mm(Fregola by pasta factory
Quisardegna, Italy), and cow cheese (Provolone dolce by Soresina creamery,
Italy), which was properly ground and sieved to achieve the same size as
the pasta samples. Granular anaerobic sludge taken from an Upflow Anaer-
obic Sludge Blanket (UASB) reactor treating the wastewater produced by
a potato processing factory was added to the three solid organic mixtures
to reach a ratio between the VS contents of the anaerobic sludge and the
synthetic solid waste equal to 1 (Tables 2.7 and 2.8).
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Methane production from co-digestion of OFMSW and sewage
sludge

Figures 2.7, 2.8 and 2.9 shows the cumulative methane production from the
BMP tests.
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Figure 2.7: Cumulative bio-methane production from BMP tests A;; Ag; As
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Chapter 3

Mathematical modelling of
biological anaerobic processes

3.1 Introduction

Anaerobic processes have been employed for over 150 years for the digestion
and stabilization of sewage sludge, generated in wastewater treatment. They
constitute a mature technology that can be adapted to most forms of residual
biomass. The cost of methane production is still relatively high compared
to the cost of natural-gas from fossil-fuel deposits, but this situation should
change as natural-gas costs rise and anaerobic process technologies improve
([51]). Anaerobic processes have the advantage of producing small amounts of
sludge, requiring less nutrients and energy than aerobic treatment processes
and obviously the producted biogas can be used as a renewable source of
energy. In particular anaerobic digestion is now considered as a consolidated
technology with more than 2200 high-rate reactors implemented worldwide
([52]). Mathematical models enable the representation of the main aspects
of a biological system. They improve the understanding of the system, the
formulation and validation of some hypothesis, the prediction of the system’s
behavior under different conditions, reducing, consequently, the experimental
information requirements, costs, risk and time ([11]). Mathematical models
must be a useful tool able to improve the understanding of biological pro-
cesses and to predict the behaviour of the system. Several mathematical
models of anaerobic processes, in particular anaerobic digestion, have been
proposed in the last decades. In the following sections an overview of the
main dynamic models of anaerobic degradation is presented; a classification
has been attempted according to different modelling approach. Thus two ma-
jor categories are distinguished: anaerobic digestion models and anaerobic

28
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co-digestion models.

3.2 Mathematical modelling of anaerobic
digestion

3.2.1 Mathematical models proposed before the ADM1

During the last 45 years, many researchers have developed and proposed
several models of anaerobic digestion. The first models focused the attention
on the description of the limiting step of the anaerobic processes;i.e. the
slowest step controls the global rate [53]. This series of models, consisted of
a limited number of equations, were very simple and easy to use but were
not able to adequately describe the process performance.

An example of this first generation of models [53| describes the animal
waste digestion. In their study the autors consider two bacterial groups, the
acidogens and acetoclastic methanogens. VFA inibitions for both microbial
species and Ammonia inibitions for methanogens are also taken into account.
[54] proposed a mathematical model of anaerobic digestion of soluble com-
pounds, fats/lipids, carbohidrates and proteins. The model considers three
microbial groups, fermentative bacteria, acetogenic bacteria and acetoclastic
methanogens bacteria.

A model considering the concentration of volatile fatty acid as the key
parameter of the process and incorporating acidogenesis and acetogenesis
separately came later. This model considers two or more bacterial groups,
include inhibition kinetics, pH calculation and gas-phase dinamics. In 1982
[55] developed a model in order to simulate anaerobic digestion of animal
waste. This model take into account five microbial groups and considers four
foundamental steps. In the first step of hydrolysis, complex organic material
is converted in soluble biodegradable material by extracellular enzymes. In
the second step (acetogenesis) the soluble organic material is converted to
VFA (i.e. propionate, butyrate and acetate). During the third step, aceto-
genesis, acetogenic bacteria convert propionate and butyrate to acetate.

A new generation of models considering anaerobic degradation of real
and complex wastewater or organic matter came later. The first model [56]
considers the conversion of the complex organic matter to carbohidrates, pro-
teins and lipids. Thanks to this approach it is possible to take into account
the different composition of wastes. After carbohidrates proteins and lipids
are converted to simple sugars, amino acids and fatty acids respectively. A
mathematical model for co-digesting piggery, olive-mill and dairy wastewa-
ters based on batch kinetic experiments was developed by [57] in 1996. This
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model considers a four step process (hydrolysis, acidogenesis, acetogenesis,
and methanogenesis). The model cannot predict the methane concentration,
and does not consider the inhibitory effect by high ammonia concentration,
VFA, LCFA, and hydrogen.

Several models describing the anaerobic digestion of synthetic substrates
as glucose are present in literature. In particular, the model described in
[58| applies to anaerobic digestion of glucose. In this model five steps are
taken into account, and five bacterial groups are considered. Another model
of anaerobic digestion of glucose [59] uses Hy as the key parameter that
regulates the production of VFA from glucose. Thereafter many models
were based on the Mosey’s model (|60, 61, 62, 63, 64]).

In 2000 [65] proposed a more detailed model of anaerobic degradation
of complex wastewaters. This model incorporates additional processes and
species and more detailed kinetics with inibition. In this model the authors
consider three enzimatic groups and nine bacterial groups. Lipids, Carbo-
hidrates and proteins are degraded to long chain fatty acids (LCFA), sim-
ple sugars, and soluble proteins during enzimatic hydrolysis. Acetate and
other VFA are producted during acidogenesis. Successively, all the volatic
acid are degraded to acetate (acetogenesis). Finally acetoclastic and hy-
drogenotrophic bacteria produce methane. In 1993 [50| proposed a complex
matematical model for anaerobic digestion of particulate carbohydrates. This
is the first model that takes into account the ammonia inhibition and consid-
ers the effect of self-regulation pH and self-resistance of un-ionized ammonia
toxicity ([66]). The model considers four microbial groups, glucose fermenting
acidogens, propionate and butyrate acetogens and acetoclastic methanogens.
In 1997 the authors proposed an extende version of above-mentioned model
for simulate the co-digestion of cattle manure and olive mill wastewater. Fi-
nally, in 1999, the model was extended in order to be able to simulate the
anaerobic degradation of complex organic matter to biogas [67]. In partic-
ular in this model the substrate is characterized by its organic composition
in terms of carbohydrates, proteins and lipids; and by inorganic composition
in terms of ammonia, phosphate, carbonate, hydrogen sulfide, anions and
cations.

In 1994 ([68]) proposed a mathematical model of anaerobic digestion of
complex organic matter named "methane". In this model complex organic
matter is degrated by extracellular hydrolytic enzimes, produced by acido-
genic bacteria, to soluble organic matter which is characterized in terms of
carbohydrates, proteins and lipids. Two groups of acidogenic bacteria (i.e.
acetate-producing bacteria and propionate-producing bacteria) produce ac-
etate and propionate by soluble organic matter, during this phase there is
the release of hydrogen, ammonia and carbon dioxide. After the degradation
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of propionate by acetogens bacteria the producted acetate is used in ace-
toclastic methanogenesis. Methane is also producted by hydrogenotrophic
bacteria. Sulfate-reducing bacteria which oxydise propionate and lactate to
CO4 are also considered in the model. Inibition of free ammonia, sulfide and
propionate is also considered in the model.

3.2.2 Mathematical models based on the ADM1
approach

In 2002 the International Water Association (IWA) Task Group for Mathe-
matical Modelling of Anaerobic Digestion Processes developed a comprehen-
sive mathematical model known as ADM1 [4], which was based on the knowl-
edge of modelling and simulation of anaerobic digestion systems emerged over
the previous years. The ADM1 gives a common framework for further model
development, calibration and validation studies whith comparable results.
However this model neglects some processes involved in the anaerobic diges-
tion such as sulphate reduction, acetate oxidation, homoacetogenesis, solids
precipitation and inhibition due to sulphide, nitrate, long chain fatty acid
(LCFA), weak acid and base [69]. Some of the previous aspects have been
studied and modelled afterwards; for instance further extensions were pub-
lished in recent years. [70] in 2002 proposed an extension of ADM1 in order
to simulate the effect of acid addiction in terms of pH decrease, and reduction
of calcium carbonate (CaCOj3) precipitation. For this aim a specific calcium
carbonate precipitation equation was added to the ADM1. In addition, in
the same study, the authors apply the ADM1 to an anaerobic digester at a
gelatine production facility in order to assess the effect of thermophilic con-
dition for reduced ammonia inibition. In 2004 Batstone at al.[70] in order to
describe anaerobic winery wastewater degradation proposed a further exten-
sion of ADM1 considering ethanol degradation. In 2003 an other extension of
ADMI1 was proposed by [71]. In their work the authors extended the ADM1
to the sulphate reductio processn. Modified version of ADMI1 for degradation
of agro-waste application and for sewage sludge termally pretreated was pro-
posed, rispectively by [47] and [72]. A further extension aimed at removing
the ADM1 discrepancies in both carbon and nitrogen balances was published
in 2005 [5].
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3.3 Mathematical modelling of biological
anaerobic co-digestion

During the last decades many researchers have studied the Anaerobic co-
digestion technology with the aim to establish the effect of mixing two or
more substrates in an anaerobic digester. To achieve a correct combination
of different substrates many experiments are needed as often the substrate
mixture leads to process disturbance and biogas production. An accurate
modelling can help to define a correct ratio between different organic sub-
strates fed to the digester.

3.3.1 Mathematical models proposed before the ADM1

The first co-digestion model was proposed by [73]. It is a steady state math-
ematical model which simulates the degradation of the major component
groups (i.e. lipids, hydrocarbons and proteins).

Steady Dynamic Substrates used
Author state model Calibration Validation in calibration
model validation
[73] X - - - -
[57] X - X OMW; PM; DW
[74] - X - X OFMSW and PM
[75] - b'e - - -
[67] - X - X M&GT; M&G; M&P
[76] - - b'e X WAS; GW

Table 3.1: Mathematical models proposed before the ADM1

A mathematical model for co-digesting piggery, olive-mill and dairy wastew-
aters was developed by [57|, the main characteristics of this model are de-
scribed in section 5.47

Successively [74] developed and validated a two-stage mathematical model
of acidogenesis and methanogenesis, including ammonia inhibition and pH
prediction. In 1997 [75] proposed a simplified mathematical model that sim-
ulates the anaerobic co-digestion of different wastes, defining the waste by its
general composition. The model takes into account only two conversion pro-
cesses, i.e. hydrolysis/acidogenesis and methanogenesis. A more complete
dynamic model was developed by [67]. The model, based on a model previ-
ously proposed [50], describes the anaerobic degradation of complex material
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and the co-digestion of different types of wastes. The model includes 2 enzy-
matic hydrolytic steps, 8 bacterial steps and involves 19 chemical compounds
(carbohydrates, lipids, and proteins, intermediates such as volatile fatty acids
and long-chain fatty acids, and important inorganic components, i.e., ammo-
nia, phosphate, cations, and anions). The model also includes pH prediction
and free ammonia, acetate, volatile fatty acids (VFA) and long-chain fatty
acids (LCFA) inhibition.

[76] used a model of the acidogenic stage based on the work of [77] in
order to show that the hydrolysis in a two stage anaerobic digester could be
achieved during a retention time of 3.1 days, as reported by [78|.

3.3.2 Mathematical models based on the ADM1
approach

As reported in [79]|, when the ADM1 was applied under co-digestion con-
ditions all authors considered the following two premises: (1) the ADM1
model components for composites cannot be used as an inflow fraction, and
substrate characterisation should be done in terms of carbohydrates, pro-
teins and lipids [80, 81, 47, 82|, and (2) the disintegration/hydrolysis step
is generally considered the rate-limiting step during the anaerobic digestion
process [80, 1, 29, 83, 47, 82|. The first assumption was not used for the
modified version of ADM1 proposed by [1| that considers two different in-
put substrates (i.e. sewage sludge and OFMSW), with the possibility to
apply different kinetics for each one, figure 3.1. Howewer several authors, af-
ter ADMT1 publication, proposed co-digestion models that do not follow the
ADMTI approach [84, 85, 86]. [80] proposed a modified version of the ADM1
where energy production by codigesting cattle manure and energy crops is
evaluated. [81] published an extension of the ADM1 aimed at including phe-
nol compounds degradation in the anaerobic digestion process. Applications
of the ADM1 in the co-digestion of OFMSW and sewage sludge are proposed
by [1, 87].

[87], using data obtained from a full scale anaerobic digester, showed the
ADMI potential as a tool for assisting in system operation and process con-
trol. [1] modified the ADM1 in order to include the possibility to model the
disintegration of two different input substrates using different kinetics for
each one. In particular, the model considers first order kinetics for sewage
sludge disintegration and surface-based kinetics to model the OFMSW dis-
integration.
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Figure 3.1: Flow chart of the modified version of the ADMI1 proposed by [1]

Steady Dynamic Substrates used
Author state model Calibration Validation in calibration
model validation
[80] - X b'e X CM
1 : x : : :
[81] - X X X OMW&OMSW
[87] - b'e b'e b'e OFMSW&SW
[29] - X - b'e -
[83] - X b'e X sOFMSW&SW

Table 3.2: Mathematical models based on the ADMI1 approach

When organic waste solids are present in the reactor influent, the disin-
tegration process is the rate limiting step of the overall co-digestion process
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and the main advantage of the proposed modelling approach is that the ki-
netic constant of such a process does not depend on the waste particles size
distribution (PSD), but only on its nature and composition. This model has
been upgraded in 2011 [29] in order to simulate the effect of LCFA produc-
tion in pH prediction, also including the possibility to separate each product
of the disintegration process (i.e. carbohydrates, proteins and lipids) into
two fractions, i.e. a readily biodegradable fraction and a slowly biodegrad-
able fraction. Biomethane potential test (BMP) experiments, conducted on
synthetic organic waste, have been used to calibrate and validate this model
[83].

3.3.3 Mathematical models not based on the ADM1 ap-
proach

[84] carried out anaerobic batch experiments combined with a mathemati-
cal model to study the anaerobic biodegradability of meat industry wastes.
The authors proposed a simple mathematical model based on the assump-
tion that the biodegradable fractions of the organic waste were divided into
readily and slowly biodegradable fractions in agreement with [88] and [89].
The organic matter degradation is described using Monod kinetics without
mutual interactions by a modification of the "Methane Production model"
proposed by [90]. The model was calibrated with experimental data (cumu-
lative methane production and VS degradation) from mesophilic anaerobic
batch experiments in order to estimate the different biodegradable fractions
(readly, slowly and inert) of the co-digested waste.

Steady Dynamic Substrates used
Author state model Calibration Validation in calibration
model validation
[84] - X X X WS; CW; RW; PCS
[91] - X X X OFMSW; SW
[86] b'e - X b'e SW and PS

Table 3.3: Mathematical models not based on the ADM1 approach

[91] carried out batch experiments with sewage sludge and OFMSW in
large scale. The aim of such experiments was the determination of the process
carbon balance and the proposal of a simple kinetic model of the anaerobic
digestion. This is a two-stage acidogenesis and methanogenesis mathemat-
ical model which does not distinguish particular groups of microorganisms
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and includes carbon dioxide formation both in hydrolytic and methanogenic
steps. VFAs inhibition is also taken into account. [86] proposed a first-
order model based on a previous work of [92]. To address the limitations of
the models described by [92], the new model was developed to obtain the
three different fractions in which organic matter can be classified in terms
of biodegradability: readily biodegradable, slowly biodegradable and inert
fraction. Several co-digestion experiments were carried out to calibrate the
model. In such experiments vegetable oil, animal fats, cellulose and proteins
were used to improve the anaerobic digestion of OFMSW.



Chapter 4

Mathematical model of
suspended-growth anaerobic
systems

4.1 Mathematical modelling of co-digestion of
OFMSW and SS

During the last years much research aimed at modelling the anaerobic diges-
tion of complex organic substrates has been carried out [79]. The mathemat-
ical modelling of the digestion process allows to reproduce several empirical
behaviours on a computer in a short time. The possibility to obtain several
data from model simulations can reduce the number of BMP tests needed
to evaluate the biodegradability of a specific organic substrate. However the
possibility to use a mathematical model to predict the results of BMP tests
relies on a proper calibration of the model itself. Once the model is prop-
erly calibrated it can be used also to improve the performance of full-scale
digesters.

Experiments, previously described, have been used to calibrate and vali-
date the mathematical model proposed in this chapter.

The proposed mathematical model, described in details by equations in
appendix A and B is based on the ADM1 approach, which was modified to
take into account the peculiarities of a co-digestion system. The differen-
tial mass balance equations and the process kinetics and stoichiometry are
modelled according to the ADM1, as well as the same biochemical conver-
sion processes (i.e. disintegration, hydrolysis, acidogenesis, acetogenesis and
methanogenesis) are taken into account. However the model is capable to
consider two different influent substrates (i.e. sewage sludge and OFMSW),

37
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which are modelled with different disintegration kinetics. In particular, a
first-order kinetics is used to model the sewage sludge disintegration ac-
cording to the ADMI1, while a surface based kinetic expression [93, 1] is
used to simulate the OFMSW disintegration process, which is a fundamen-
tal step when the substrate to be disintegrated is highly complex as the
OFMSW. This expression (equation 1) takes into account the dependence
of the OFMSW disintegration rate on the surface area (i.e. on the PSD)
of the solid waste to be disintegrated. However the surface based kinetic
expression proposed by [93] cannot be used in its original form (equation
4.1) as the model structure needs the substrates to be expressed in terms of
concentrations, while equation 4.1 includes the organic particles in terms of
mass:

dM

dt

Therefore equation 4.1 has been reformulated in terms of concentrations

(equation 4.4), by including the following two parameters, a and a*, which
characterize the disintegration process:

= _KsbkA(t): 0<t< T, (41)

A
a = 4.2
Vi (4.2)

A

o 2 4
“ T M (4.3)
d

d_(i — Kpa'C(t), 0<t<T (4.4)

where M is complex organic substrate mass [M], Ky disintegration kinetic
constant [ML~*T~1] A(t) disintegration surface area [L?], C' concentration
of the complex organic substrate in the digester [M L™%]; Vi, liquid working
volume of the anaerobic digester L™3. Assuming that all organic solid parti-
cles have the same spherical shape and initial size and they are progressively
and uniformly degraded in all directions from the outside towards the inside,
the previous equation 4.3 can be rewritten as follows:
. > A nA; n4mR* 3 (4.5)
N Yo M; nM, n6%7TR3 R ’
where A; is the disintegration surface area of the organic solid particle i
L™2, M; mass of the organic solid particle i [M], n total number of organic
solid particles [dimensionless|, § complex organic substrate density [M L3,
R(t) organic solid particles radius [L], assumed time dependent in according
with the following expression proposed by [93]:

a
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t
bk
where Ry initial organic solid particles radius [L], specified as the initial

condition for model application. 4.4 therefore results in the 4.7, which is used
in the model:

R(t) = Ry — K, (4.6)

ac 3Kar\ C
= - 4.7
dt ( 4 ) R’ (4.7)
Expressing C in 4.7 as the ratio between the mass of the organic solid

particles and the digester volume, the following quadratic dependence of the
disintegration process rate on the particles radius:

d ndm R%(t

@ —K%“ (4.5)
Because the radius of the organic solid particles varies in according with a
linear law equation 4.7, equation 4.8 implies that the concentration of the
complex organic substrate has to decrease in according with a cubic law,
during the disintegration process. If this model is compared with the ADM1
first-order disintegration kinetics, the main advantage of this model is that
K is the same for any OFMSW PSD and thus can be experimentally
determined using OFMSW samples of any PSD. On the contrary, if a typical
first-order kinetic expression is applied and organic waste samples are used
to experimentally determine the kinetic constant, the latter can only be used
to simulate the anaerobic digestion of OFMSWs with the same nature and
PSD of the investigated organic waste samples. Numeric integration of the
differential algebraic equations has been performed using a multi-step solving

algorithm based on the numerical differentiation formulas in the software tool
MATLAB®).
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4.2 Numerical results

4.2.1 Parameter values used for the simulations

The mathematical model proposed in section 4.1 has been applied to sim-
ulate the co-digestion process and methane production in a digester of a
typical MWWTP with a working volume of 12000m3 and the hypothetical
characteristics of the influent sewage sludge and OFMSW reported in Table
2. Values of the kinetic and stoichiometric parameters as well as Henry’s
constants according to the suggested parameter value for mesophilic solids
[4], a kinetic disintegration constant Ky according to [93] and the hydrolysis
kinetic constants reported in table 4.1 have been adopted for all simulations.

Parameter Unit Simulation Setl Simulation Set2
Digester volume m3 12000 12000
Influent Sewage sludge flow rate m3d—1 430 430
Sewage sludge OLR kgCODd™1m~3 1.43 1.43
Sewage sludge carbohydrates content % 20 20
Sewage sludge proteins content % 20 20
Sewage sludge lipids content % 25 25
Sewage sludge inerts content % 35 35
OFMSW OLR kgCODd—1m~1 1.43 0=2,86
OFMSW carbohydrates content % 40 40
OFMSW proteins content % 10 10
OFMSW lipids content % 15 15
OFMSW inerts content % 35 35
OFMSW particle initial radius m 2.5-1073 = 5.102 5.1072
a* m2kg—! 9.09-1072 + 1,82 9.09 - 107!
Gas pressure in the digester Bar 1.25 1.25
Temperature C 35 35

Table 4.1: Operational parameters used for model simulations

The LCFA dissociation constant Kjcra in the acid base equilibria equa-
tions has been assumed equal to 1-10%® according to [94]. Fractions of 50%
readily biodegradable and 50% slowly biodegradable substrate have been
assumed. Values of 2.16d~! and 3.84d~! [95] have been used for the kra
coefficients of the liquid-to-gas mass transfer of methane and hydrogen, re-
spectively, whereas a value of 60d~! [96] has been applied for the carbon
dioxide kpa coefficient. As the radius of the organic solid particles becomes
smaller with time following a linear law [93], each simulation has been carried
out assuming a* constant and equal to the value resulting by equation (5),
with the organic solid particles radius, R, equal to the arithmetic mean be-
tween its initial value, Ry, and the value calculated by means of equation (6)
in correspondence of the digester SRT (Solid Retention Time). The initial
values of the state variables reported in Table 4.1 have been used.
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4.2.2 Effect of the OFMSW particle size on the digester
performances

Figure 4.1 shows the results of model simulations (set 1, Table 4.1) performed
to assess the effect of the OFMSW particle size on the digester performances
in terms of COD removal efficiency and methane production. Different par-
ticle initial radius (R) of the OFMSW in the range 2.5 - 1072 =5 - 107%m
have been investigated, assuming a continuous addition of 17200K gCODd~!
of OFMSW into the digester for 160 days (i.e. from day 20 to day 180). An
increase of the OFMSW particle size results in the increase of the COD frac-
tion of the OFMSW added into the reactor that is not biodegraded (Figure
4.1 A) and remains in the effluent. The effluent COD due to sewage sludge
is 3.35 K gCODm=3. The latter is not included in the efluent COD reported
in Figure 4.1 A, which is only related to the OFMSW.
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Figure 4.1: Effect of the OFMSW particle size on the effluent COD (A),
methane cumulative formation (B), methane production rate (C) and pH

(D)

The lower COD degradation due to a higher particle radius implies a lower
methane production rate (Figure 4.1 C) and a lower cumulative methane for-
mation (Figure 4.1 B). This points out the limiting effect of the disintegration
step on the methane production, i.e. on the whole biological process. In fact,
a larger particle size of the organic particles feeding the digester affects the
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overall process efficiency, due to the decrease of the disintegration rate, which
implies a limited (i.e. only partial) transformation in carbohydrates, proteins
and lipids of these particles and, thus, a lower availability of substrates for
the subsequent biological processes. As a consequence, a lower methane pro-
duction is achieved. The OFMSW addition at day 20 also implies a sharp pH
decrease (Figure 4.1 D) due to higher acids production by acidogenic bacte-
ria. However these acids are degraded by acetogenic bacteria and when the
biological system reaches new steady-state conditions the pH goes up to 6.6
again. A pH increase occurs when the OFMSW addition is stopped, i.e. at
day 180, due to the decrease of acids production, but a pH of 6.6 is reached
again around day 280.
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4.2.3 Effect of the OFMSW OLR on the digester per-
formances

Further simulations (set 2, Table 4.1) have been carried out to investigate
the effect on the methane production of the OFMSW amount added into the
sewage sludge digester. Continuous OFMSW additions from day 20 to day
180 have been simulated.
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Figure 4.2: Effect of the OFMSW addition on the effluent COD (A),
methane cumulative formation (B), methane production rate (C), pH (D),
hydrogenotrophic methanogenic archea (E) and acetoclastic methanogenic
archea (F)

The results show that increasing the OFMSW input from 0 to 34400
KgCODd™ (i.e. increasing the total organic loading rate, OLR, due to both
sewage sludge and OFMSW from 1.43K gCODm ™ 3d! to 3.29K gCODm3d 1
results in an important increase of the OFMSW that is not biodegraded in
the digester and thus remains in the effluent (Figure 4.2 A). Figures 4.2 B
and C show the increase of the cumulative methane formation and methane
production rate, respectively, which derive from the above cited increase of
the OFMSW input from 0 to 34400 K gCODd~*. The pH decrease (Figure 4.2
D) due to the OFMSW addition at day 20 is higher when a higher OFMSW
amount is added into the reactor. However for all OLRs investigated in the
range 1.43 + 3.29K¢gCODm3d~! the biological system slowly reaches new
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steady-state conditions and the pH goes up to 6.6 again. Whereas when an
overall OLR of 3.43K gCODm=3d~" is considered, the pH drop is irreversible
and results in the digester failure (Figure 4.2 D). The pH drop affects the
microbial activity, resulting in a sharp decrease of the bacterial concentra-
tion in the digester. For instance, the acetoclastic and hydrogenotrophic
methanogenic archea are completely washed out from the digester around
day 100 (Figure 4.2 E) and day 105 (Figure 4.2 F), confirming the digester
failure. Figure Figure 4.1 E also shows an increase of the concentration of
acetoclastic methanogenic archea from 0.24 to 0.99K¢CODm™3, which re-
sults from the increase of the OLR from 1.43 to 3.29K¢gCODm3d~!. The
percentage increase of this concentration (412.5 %) of methanogenic archea
is higher than the percentage increase of the OLR (300 %), confirming the
potential of OFMSW addition into the digester to maximize the methane
production.
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4.2.4 Definition of optimal OFMSW particle size and
OLR conditions

Figure 4.3 shows the results of a sensitivity analysis on the 2 operational
parameters taken into account in this study, i.e. OFMSW particle size and
OLR, aimed at assessing their combined effect on the digester performances
and the occurrence of the digestion process failure. The model simulations
have been carried out with the same digester volume and the same charac-
teristics of the influent sewage sludge as reported in Table 2, but ranging the
particle radius and the OLR between 5.0-10~* and 2.5-10~%m and 1.43 and
9.14KgCODm™3d", respectively. Figure 4.3 shows that the higher is the
particle size of the OFMSW, the higher is the OLR that induces the digester
failure. This is due to the slower disintegration and thus slower acidification
occurring for higher OFMSW particle sizes. However such larger particles
imply the slow down of all the digestion processes, resulting in the decrease
of the overall digestion efficiencies in terms of COD removal, as showed by
the isoefficiency curves in Figure 4.3.

8 Failure conditions zone o neass

OLR [kgCOD m™3d™}]

0.0
Radius [m]

Figure 4.3: Combined effect of the OFMSW particle size and OLR on the
digestion performances in terms of COD removal efficiency (n)
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4.3 Proposed calibration and validation proce-
dure

The mathematical model can be used to estimate several apparent kinetic
rate constants. In this thesys model calibration was used to estimate Ky,
[ML72T~1], i.e. the apparent kinetic rate constant of the surface-based dis-
integration process and Ky, [T '], i.e. the first-order apparent kinetic rate
constant of the disintegration process. Calibration was performed by com-
paring model results with experimental measurements of methane production
and adjusting the unknown parameter until the model results adequately fit
the experimental observations. Input, operational and output data from ex-
periment A, B and C. (Table 2) were used, and a specific procedure was
developed. In this text the calibration procedure is referred to Ky, even
if it can be applied for any apparent kinetic rate constant. The calibration
procedure is structured in four steps as follows.

1. Step 1 determines a variation range for Ky

2. Step 2 generates as many different values of Ky, as the estimation
accuracy requires. This calculation was performed taking n+1 constant
step values of K, between the two bounds of the variation range,
according to the following expression:

, - '
Koy = Koy + Dk J=1,.m, (4.9)
where K%, = 0 and K7, = 1 are the lower and upper bounds of the
variation range, respectively, and Ag_,, is the ratio between the width
of the range and n. To set the accuracy of the results at two significant

digits, n was fixed to be equal to 100

3. Step 3 Step 3 was performed by plotting a simulated curve for each
value of Ky from the development of step 2 and by comparing sim-
ulated results with observed data. A comparison was performed by
applying three methods that are commonly used for the model calibra-
tion process (|97]), the Modeling Efficiency (ME) method, the Index of
Agreement (IoA) method and the Root Mean Square Error (RMSE)
method, calculating the three following parameters:

k 82
ME =1- Z,fl(*% ) (4.10)
Zi:l(yi - ?ﬁ\/[)2
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k AV
IOA — - Ziil(yl yz) (411)
Zi:1(|yi — yum| — |y — yml)?

K

4. Step 4 Step 4 determines the value of Ky that best fits the observed
data using the three different criteria. Step 4 is performed by plotting
three series of points using Cartesian coordinates with K, as the first
coordinate and the corresponding values of ME, ToA and RMSE, cal-
culated in step 3, as the second coordinate. The last operation of the
calibration process is the determination of K that either maximizes
ME as well as IoA or minimizes RMSE for each series of plotted data.
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4.4 Calibration and validation of OFMS-Sewage
sludge co-digestion

The cumulative methane production data that were obtained from the ex-
perimental tests are reported in Figure 4.4. This figure shows that the gaps
among the three curves resulting from tests A;, B; and CY, respectively,
are noticeable for the initial 20 days and then progressively tend to van-
ish. Within this initial period, the three curves are plainly distinguishable as
clearly indicated by the error bars of the experimental points (Figure 4.4).
In particular, the differences are higher when the 2.5 mm curve is compared
with the 0.5 or 1.5 mm curves. The differences among the three experimen-
tal curves are noticeable only during the initial 20 days, as the disintegration
process of the solid particles occurs during this initial period. Once the
solid particles have disintegrated, the anaerobic reactors continue to produce
methane as long as all the organic matter is biodegraded, and the end points
of the three curves coincide as each reactor was filled with the same amount of
organic matter. The initial gap among the three curves is due to the effect of
the solid particle size on the methane production, which cannot be properly
modeled with the same first-order kinetic constant for the three experiments.
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G; I I I I I I
0 10 20 30 40 50 60

Figure 4.4: Cumulative methane production obtained in the experimental
tests Ay, By and C.

According to ADM1, a kinetic constant is required for each particle size.
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The main difference of the proposed model as compared with the ADM1
is that the disintegration rate constant Ky is invariant with the substrate
particle size.
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Figure 4.5: Dependence of ME on K.

The model calibration performed in this Thesis resulted in setting the
kinetic constant Ky, to 0.15kgm?s~! when using values of the other kinetic
and stoichiometric parameters as suggested by [4] for mesophilic solids.

This value of the kinetic constant K, maximizes both ME and IoA and
minimizes RMSE (Figures 4.5), making the gap between data simulated by
model and experimental data used for the calibration process as small as pos-
sible. This K value fully meets the model calibration process requirements.
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Figure 4.6: Comparison of measured and simulated by proposed model cumu-
lative methane production for experiments A,B and C: overlapping between

measured and simulated data (a,c and e); comparison with the line of perfect
fit (b,d and e).

All curves represented in Figures 4.5 show a normal trend, characterized by a
single monotone reversal located right in K = 0.15kgm?s~!. This reversal
proves the existence of one and only one solution to the specific optimization
problem that was used to calibrate the model. A further interesting aspect
that emerges by analyzing the previous three graphs concerns the sensitivity
of ME, IoA and RMSE to K: the closer Ky is to 1kgm™2s7!, the smaller
the variations of ME, IoA and RMSE are in response to variations in K ;.
This last observation validates the hypothesis that the procedure used to
calibrate the model is based on, to assume 1kgm~2s~! as the upper bound of
the Ky variation range. The loss of sensitivity shown by the model toward
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values of Ky, of 1kgm™2s~! can be explained. Ky is a kinetic parameter

used to describe the rate of a single process (i.e., disintegration) among the
several processes involved in the anaerobic co-digestion of organic matter.
The value of K, can therefore affect the output of the model as long as
it is small compared with the values of the other kinetic constants that are
considered in the model (i.e., as long as disintegration is a limiting process).
However, when the values of the different kinetic constants change, some
processes that were not limiting become limiting and vice versa.

TEST R Kspre ME ME RMSE
[mm]  0.15kgm=2s~!
B 1.5 44 0.979 0979  0.011
C 2.5 4.2 0.988 0.988  0.010

Table 4.2: Result of the model validation process.

Figure 4.6 shows the highest agreement between simulated and observed
data for cumulative methane production achieved by the specific procedure
that was used to calibrate the model. In Figure 4.6a, the good overlap
between the two series of data is shown, with a very small shift between the
points with simulated and observed data as coordinates and the line of perfect
fit reported in Figure 4.6b. After calibrating the model using the cumulative
methane production results from experiment A, the calibrated K, value
(i-e., 0.15kgm=2s~1) was used to validate the model. Experiments B and C
were used to validate the mathematical model, assessing

TEST %0 Ki”f ME ME RMSE
[mm] s
B 1.5 0406 0985 0.999 0.010
C 2.5 0.406 0.909 0.996  0.031

Table 4.3: Result of the ADM1 validation process.

the agreement between simulated and observed data for cumulative methane
production with the parameters ME, IoA and RMSE. The results of the val-
idation process are graphically described in Figures 4.6b,c,d and e are nu-
merically reported in Table 4.2. The graphs indicate a very good agreement,
between the simulated and observed data; the agreement is confirmed by the
values of the fitting parameters reported in Table 4.2. Only a few experi-
mental points close to the origin of the axes are not fitted by the simulation
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results (Figure 4.6a), showing a slight shifting from the line of perfect fit in
Figure 4.6b because of the readily biodegradable organic substrate present
in the inoculum, which was not considered for the simulations.
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Figure 4.7: Comparison of measured and simulated by ADM1 cumulative
methane production for experiment B.

The value assigned to Ky, as well as the modeling approach proposed in
this work, is fully validated by experiments B and C. The same experimen-
tal data and the same calibration procedure applied to the proposed model
were also used to calibrate and validate the ADM1 (Table 4.2 and Figures.
4.6¢,d,e and f to assess the contribution of the proposed model as a potential
upgrade for the ADM1. The calibration of the ADMI1 resulted in a disin-
tegration constant Kg,0.406s~!, capable of maximizing both ME and IoA
and minimizing RMSE (Figure 4.5A,B and C).The validation process still
resulted in acceptable values of ME, ToA and RMSE, but the values were
not as good as the values obtained using the proposed model. Figure 4.7
in particular shows an evident gap between the simulated and experimental
data for the initial 25 days, i.e., when the particle size effect on the diges-
tion process is more important. This gap confirms that the disintegration
constant determined for a specific particle size cannot be properly used in
ADM1 for a different particle size.

4.5 Calibration and validation of OFMS-Buffalo
manure co-digestion

The results obtained from the BMP tests were used to calibrate and validate
a mathematical model proposed in 4.1. For this aim, the procedure detailed
in 4.3 has been applied, taking into account the Modelling Efficiency (ME)
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method, the Index of Agreement (IoA) method and the Root Mean Square

Error (RMSE) method [97].
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Figure 4.8: Comparison between the experimental (points) and simulated
(line) bio-methane production from BMP tests T5 (a), T6 (b)
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Figure 4.9: Comparison between experimental (points ) and simulated (lines)
bio-methane production from BMP tests T1 (a), T2 (b), T3 (c) and T4 (d)

The Fip, I}, and Fj; parameters are shown in Table 1, whereas all other
model parameters considered in the simulations are in agreement with [4,
98]. The calibration process was performed using the results of the BMP
tests T1-T4, obtaining the kinetic constant of the disintegration process for
each considered pure substrate (Table 3). Figure 4 shows a good fitting
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between experimental and modeled data for all the curves related to each
substrate. The constants related to BMP tests T1 and T3 were subsequently
used to validate the model using the results obtained from BMP tests TH
and T6. (Table 4). The fitting between simulated and experimental curves
of cumulative methane production is still remarkable (Figure 5). Therefore,
once the disintegration kinetic constants of different substrates have been
evaluated through the calibration process, the mathematical model can be
used to predict the bio-methane produced from a co-digestion process fed
with two substrates of any percentage, among all those considered during
the calibration process.

4.6 Dynamic mathematical modelling of sul-
fate reducing gas-lift reactors

4.6.1 Introduction

Sulfate reduction in gas lift reactors, using hydrogen (H;) and carbon dioxide
(COs) as, respectively, electron donor and carbon source, represents a valu-
able solution for the treatment of specific wastewaters (|99, 100, 3|). Inor-
ganic sulfate-rich wastewater such as acid rock drainage or flue gas scrubbing
waters contain little or no organic compounds, thus biological sulfate reduc-
tion can only take place when electron donor and carbon source are added
externally. A major problem of these hydrogen fed sulfate-reducing reactors
is the formation of methane from hydrogen and carbon dioxide. Methane
formation from hydrogen is undesired because it lowers the hydrogen uti-
lization efficiency for sulfate reduction. Thermodynamic and Monod-kinetic
data of heterotrophic sulfate reducing bacteria (HSRB), autotrophic sulfate
reducing bacteria (ASRB), homoacetogenic bacteria (HB), methanogenic ar-
chaea (MA) and acetate degraders (AD) indicate that HSRB and ASRB
can develop in these gas-lift reactors. ASRB out-compete MA and HB for
hydrogen, HSRB are able to compete successfully with AD or/and MA for
hydrogen and acetate. As far as HSRB are concerned, the above hypothesis
has been confirmed experimentally for hydrogen ([101, 102, 103, 104]). With
regard to the utilization of acetate in anaerobic reactors, literature data are
ambiguous. Several researches show that during sulfate reduction HSRB can
compete successfully with AD for acetate ([105, 106, 102, 107, 108, 109])
whereas others indicate that the latter is preferentially degraded to methane
(]110, 111]). To explain the differences found, besides kinetic considerations,
other factors influencing the competition process between HSRB and AD
should be taken into account as well. These factors include the COD/SO;~
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ratio, Hydraulic Retention Time (HRT), and gas input flow ([3]). Other
studies show that in a gas-lift reactor, ASRB are able to out-compete HB
for hydrogen utilization ([100, 112, 113]). Such factors affect the outcome
of the competition between ASRB and MA as well ([2]). In order to simu-
late the bacterial competition in these gas-lift reactors, a sulfate reduction
dynamic mathematical model would be a valuable aid for design, operation
and control. In this section the development of a mathematical model able
to simulate under dynamic conditions the physical, chemical and biological
processes prevailing in a biological sulfate reducing gas-lift reactor is pre-
sented. Calibration and validation of the proposed model are carried out
using an experimental study ([3]) about the interaction between sulfate re-
duction and methanogenesis in a gas-lift anaerobic reactor. In the thesis, the
model is applied for the following purposes: a) verification of a steady-state
design model proposed by [2, 114]) assessment of the effect of the Hydraulic
Retention Time (HRT) on the performances of a full-scale gas-lift reactor.

4.6.2 Mathematical model
Biochemical reactions

The proposed mathematical model, described in details by the equations
in Table 1C and 2C (See Appendix), is based on mass balance equations
for substrates, products, and bacterial groups and includes the bio-chemical
reactions of the sulfate reduction process (Figure 4.10). The model considers
the kinetics of microbial growth and decay.

In particular, the model takes five groups of bacteria, i.e. HSRB, ASRB,
HB, MA, and AD; and six components (substrates and products), i.e. Hy-
drogen (H,), Sulfate (SO:™) (abbreviated as SOy), Carbonic dioxide (CO,),
Acetate (Ac.), Sulphide (H»S) and Inert, into account. Inert is substrate,
which is not degraded within the typical HRTs of sulfate reducing gas-lift re-
actors. All substrates considered in the model are expressed as COD, except
Ssos- Thus, the coefficient 1.5 in the first column of Table 1C (See appendix)
represents 1.5gSSO§—/gCOD. The following assumptions were made to de-
velop this model:

1. The biological reactor is a completely stirred tank reactor (CSTR).

2. HSRB, ASRB, HB, MA and AD can grow in the reactor.

3. The growth of each bacterial group proceeds according to Monod ki-
netics.

4. Bacterial decay is described by first order kinetics.
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5. Chemical oxygen demand (COD) production from biomass decay is not
degradable within the typical HRTSs of sulfate reducing gas-lift reactors
an thus is considered as inert in the model.

The sulphide toxicity was not taken into account due to a lack of quan-
titative data in the literature, which are often contradictory. The pH effect
was neglected as gas-lift reactors are generally well buffered or controlled at

a desired pH.
Substrate input .
%& Gas input

SO, :
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>
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Figure 4.10: Schematic representation of the bioconversion pathways in the
model

Gas transfer modelling

According to Henry’s law, under steady state conditions the concentration
of a gas in aqueous phase is in equilibrium with its partial pressure in the
gaseous phase. Therefore an accurate evaluation of the gas-lift reactor system
requires modelling of liquid-gas transfer processes involving all the gaseous
products of the biological processes, i.e. HyO,CO,, CHy, Hy and HyS. The
mass balance equations have been considered for both liquid and gas phases,
as follows:
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diSli ¢ ) N

7 - wiq([S]l,’in - [S]l) - Kla([S][ — [S ]l) -+ ;pil/i, (413)
—d[S]g = ‘/gas * Qout,g

i = Kia([S] = [S™)) — W[S]g, (4.14)

The total gas pressure P in the digester headspace is calculated as the
sum of the partial pressures of saturated water (H20), carbon dioxide (COs),
methane (C'H,), hydrogen (Hz) and sulphide (H5S). The molar concentra-
tion of each gaseous component at thermodynamic equilibrium [S*] is given
by Henry’s law:

[S*] = HyasPgas (4.15)
where:
e M, = Henry’s constant for the specific gas [M~'T?L~?]
® Dgqs — partial pressure of the specific gas, calculated according to the
Dalton’s law [MT—2L71].
Numeric integration

Numeric integration of the differential algebraic equations is performed using
the solving algorithm ODE15S, a multi-step, variable-order solver based on
the numerical differentiation formulas in the software tool MATLAB®).
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4.6.3 Model calibration

Model calibration was aimed at estimating Yysrp g, [ML 2T , i.e. the
yield of HSRB on Hydrogen, which is a very sensitive model parameter. The
calibration process was performed by comparing model results with exper-
imental data and adjusting the unknown parameter as long as the model
results adequately fitted the experimental observations. For this purpose in-
put, operational and output data resulting from the experiments carried out
by [2] were used (Figure 4.11), applying a specific procedure.
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Figure 4.11: Experimental data used for model calibration and validation
(from: [2])

The calibration procedure is structured in 5 steps as follows: i) experimen-
tal data definition; ii) determination of the variation range for Yysrp m,; iil)
generation of as many different values of Yy srp 1, as the estimation accuracy
requires; iv) determination of simulated values of the sulfate concentration
in the gas-lift reactor for all considered values of Yysrp i, and comparison
between simulated and observed data and v) determination of the value of
Yusrp u, that best fits the experimental data using three different criteria.
The step ii) to iv) are the same presented in the section 4.3. Step 1 was per-
formed to define the experimental data to be used in the subsequent steps.
In this step, data differing more than the sample standard deviation from
the mean value were removed(Figure4.12). The sample standard deviation
is defined as follows:
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(4.16)

Where:
e r; — is the observed value;
e T — is the observed value;

e K = number of observed values;
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Figure 4.12: Mean value and sample standard deviation (o) of the sulfate
concentration in the experimental data

Model calibration resulted in setting the kinetic constant Yysrp m, to
0.96. This value maximises both ME and [oA and minimises RMSE, making
the gap between model simulated and experimental data used for the calibra-
tion process as small as possible (4.13). Therefore, this Yysrp m, value fully
meets the model calibration process requirements. All curves represented
in Figure 4.13 show a regular trend, characterised by a single monotonicity
reversal located at Yysrp g, = 0.96.
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4.6.4 Model Validation

After calibrating the model using the experimental data of period Ila (Figure
4.11), the calibrated Yusgp m, value (i.e. 0.960) was used for model valida-
tion. Experimental data of period IIb and period Ilc (Figure 4.11) were used
to validate the mathematical model evaluating the fitting between simulated
and observed sulfate consumption data. The results of the validation process
are graphically described in Figure 5 and numerically reported in Table 4.4.
Figure 4.14 indicates a good fit between simulated and observed data, which
is confirmed by the values of the fitting parameters reported in Table 4.4.

3.5

2.5

o

S0, [CODI]

O 1 1 1 1 1
10 15 20 25 30 35 40 45

Time [day]

Figure 4.14: Comparison of measured and simulated concentrations of sulfate
in the experimental gas lift reactor effluent. Data markers represent measured
sulfate concentrations (|2])

PERIOD Kis ME ME RMSE

ITa (Calibration) 0.960 0.0790 0.0440  0.9093
ITb (Calibration) 0.960 0.1401 0.3911  0.9603
IIc (Validation)  0.960 1 0 1

Table 4.4: Results of model calibration and validation.

Figures 4.15 and 4.16 show the comparison between measured and simu-
lated concentrations of methane and sulfide, respectively, in the experimental
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gas-lift reactor liquid and gas effluent.
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Figure 4.15: Comparison of measured and simulated concentrations of CH4
in the experimental gas lift reactor liquid (A) and gas (B) effluent. Data
markers represent measured CH4 concentrations ([3])
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Figure 4.16: Comparison of measured and simulated concentrations of sulfide
in the experimental gas lift reactor liquid (A) and gas (B) effluent. Data
markers represent measured sulfide concentrations ([3])

Both Figures indicate that the simulated concentrations fit properly the
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experimental data. In particular the good fitting between simulated and
experimental concentrations in periods IIb and Ilc shows the capability of the
model to simulate the reactor performance when variations of the operational
conditions occur.
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4.6.5 Validation of the design model proposed by Es-
posito et al. (2009)

A proper design model of a biological reactor is a model capable to give the
reactor volume when the desired treatment efficiency and the operational
conditions are fixed (|3, 114]). A proper performance-prediction model gives
the treatment efficiency when the bioreactor volume and the operational con-
ditions are known (|3, 114]). A design model is typically a simplified model
based on simplifying assumptions aimed at making the model easier to be
applied ([115]). For instance steady-state instead of dynamic conditions are
assumed, several microbial groups are neglected if they are not prevalent in
the reactor, and bioconversion processes are neglected when they are not
limiting for the overall biological process. All such assumptions need to be
proven in order to demonstrate the model validity. This can be done exper-
imentally using laboratory-scale bioreactors assessing the capability of the
model to predict the treatment efficiency of a bioreactor with a known work-
ing volume. An alternative time and cost effective option to validate a design
model is the use of a performance-prediction model, which is not affected by
the simplifying assumptions of the design model. A performance-prediction
model is typically a dynamic model which takes into account all bacterial
groups growing in the reactor and all the bioconversion processes either if
they are limiting or not ([116]). When the bioreactor volume is known and
the operational conditions are set the results of the performance-prediction
model simulations will predict which bacteria will prevail and which bacteria
will be out-competed ([116]). Therefore, if a reactor volume is determined
applying a design model which neglects some microbial groups, the valid-
ity of this assumption can be assessed applying a performance-prediction
model which includes all bacteria capable to grow in the reactor. Applying
the performance-prediction model with the reactor volume determined by
the design model and the same operational conditions as set in the design
model, if the performance-prediction model predicts the out-competition of
the bacterial groups neglected in the design model, the assumptions of the
design model can be considered correct. On the contrary, if the performance-
prediction model predicts the growth of the bacterial groups neglected by the
design model, it can be concluded that the design model is not reliable and
thus its results are not reliable. This means that a design model, even if
based on simplifying assumption, can give correct results if the assumptions
are reliable. The above described approach is used in this section to validate
the steady state mathematical model proposed by [3] for the design of sulfate
reducing Hs/CO, fed gas-lift reactors. The model, named "model 1B" [3],
described by the matrix in Appendix takes into account the bioconversion
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pathways reported in Figure 4.17. The model takes three groups of bacteria,
i.e. HSRB, HB, and MA, and five components (substrates and products), i.e.
Hs,50,4,CO5, Ac and H,S, into account. MA compete with HSRB and HB
for Hy, but the model does not include competition between AD and HSRB
for acetate. This assumption is based on the absence of AD in Hy/COs
fed gas-lift reactors ([100, 117, 3]). AD could be significant when acetate is
externally added to the system, which is however not common in full scale
applications of this reactor type.

Substrate input .

SO4 C02 H2
| |

Acetic Acid

A

[ HSRB

— H,S CHy [~

Figure 4.17: Schematic representation of bioconversion pathways in model
1B ([3]).

In order to validate the hypothesis of model 1B ([3]), i.e. to show that AD
are outcompeted in Hy/CO, fed gas-lift reactors, the dynamic performance-
prediction model proposed in this section has been applied to predict the
bacterial concentrations in the reactor when it is operated with the same op-
erational conditions, influent characteristics and input gas flow as considered
for the simulations carried out with model 1B ( Table 4.5). In particular,
two sets of simulations were performed, with different working and headspace
reactor volumes and different H, input concentrations (Table 4.5).
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Parameter Unit Simulation set 1 Simulation set 2
Digester volume m3 53.89 241.09
Headspace reactor volume m> 19.90 80.40
Influent sulfate concentration gl=! 0.681 0.681
HRT d 0.27 1.205
Liquid flow rate m3d—! 200 200
Gas flow rate m3d—! 400 400
Input H, concentration gCODI~! 10 2
R — 0.46276 0.41612
o — 3.1 3.1
Temperature C 35 35

Table 4.5: Operational parameters used for model simulations

A

0 50 100 150
Time [d]

(B)

0 50 100 150
Time [d]

| — XASRB —XHSRB — XHB —XMA — XAce |

Figure 4.18: Competition between ASRB, HSRB, HB, MA and AD in the
reactor when applying the proposed model with set 1 (A) and set 2 (B)

operational parameters

Figure 4.18 shows the concentrations of the bacterial species prevailing
in the reactor, which agree with the results of the design model of [3] for
operational conditions of both Set 1 and Set 2 (Table 4.6). In particular,
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Figure 4.18 shows that AD are completely out-competed by HSRB, MA and
HB, confirming the above-cited assumption of model 1B.

Bacterial species Unit Setl;\/lj(;del ilegt B l\s/[;)tdi pros;):eg
XHSRkRB gCODI™'  0.256 1.150 0.256 1.150
Xma gC'ODl_1 2.300 1.260 1.720 1.250
Xun gCODI™'  0.041 0.180 0.079 0.381
XASRB gCODl_l nc nc 0 0
Xap gCODI™1 nc nc 0 0

Table 4.6: Operational parameters used for model simulations (nc = not

considered)
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4.6.6 Effect of the HRT on the gas-lift reactor
performances

Parameter values used for the simulations

The mathematical model proposed before has been applied to simulate the
sulfate reduction process in a gas lift reactor with a working volume of
200m? and a headspace reactor volume of 65m3. The reactor engineer-
ing parameters, the hypothetical characteristics of the influent sulfate-rich
wastewater and the input gas flow are reported in Table 4.7. Values of
the kinetic and stoichiometric parameters according to [3| were used except
for Yusrp.u, = 0.960, which resulted from the calibration and validation
procedure. A Henry’s constant according to [118] was adopted. Figures
4.19,4.20,4.21 show the results of model simulations performed to asses the
HRT effect on the reactor performances in terms of: i) species and concentra-
tions of bacteria growing in the gas lift reactor for a 500 days time simulation;
ii) concentration of components in aqueous phase for a 500 days time simu-
lation and iii) concentration of components in gaseous phase for a 500 days
time simulation. Differences in HRT, varying in the range of 0.02 — 0.5 days
were investigated.

Parameter Unit set A setB setC setD
Digester volume m3 200 200 200 200
Headspace reactor volume m3 65 65 65 65

Influent sulfate concentration gl™! 2 2 2 2

HRT d 0.5 0.1 0.05 0.02

Liquid flow rate m3d~! 400 2000 4000 10000

Gas flow rate m3d~! 400 4000 8000 20000
Input H, concentration gCODI™! 20 20 20 20

R — 0.468 0.468 0.468 0.468
o — 3.1 3.1 3.1 3.1
Temperature C 35 35 35 35

Table 4.7: Operational parameters used for model simulations
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Figure 4.19: Effect of the HRT on the bacterial species and concentrations
in the reactor. (A) HRT = 0.5 d; (B) HRT = 0.1 d; (C) HRT = 0.05 d; (D)
HRT = 0.02 d

Species and concentrations of bacteria growing in the gas lift reac-
tor

A decrease of the HRT results in the variation of species and concentrations
of bacteria prevailing in the reactor (Figure 4.19). When the HRT is 0.5
days there is formation of HSRB with HB as well as MA and AD (Figure
4.19 A). At a HRT of 0.1 days there is an initial coexistence of HSRB and
ASRB but after 100 days ASRB out-compete HSRB. After 250 days, there
is only ASRB and MA in the system. Figure 4.19 shows the undesired high
concentration of MA. A stable coexistence between ASRB and MA with a
minor concentration of MA is obtained after 40 days in a reactor with HRT
= 0.05 days (Figure 4.19 C), whereas there are only ASRB in the reactor
when HRT is 0.02 days (Figure 4.19 D). However, the results reported in

Figures 4.19 C and 4.19 D are not applicable for full scale applications as the
HRTs are very short.
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Figure 4.20: Effect of HRT on the concentration of components in aqueous

phase. (A) HRT = 0.5 d; (B) HRT = 0.1 d; (C) HRT = 0.05 d; (D) HRT =
0.02 d.

Concentration of components in aqueous phase

The different kinds of bacterial species growing in the reactor at different
HRTs imply a different kind and concentration of components in the reactor
system. It is possible to see the presence of acetic acid only for an HRT
higher than 0.1 days (Figure 4.20 A and B). Figure 4.20 shows that a HRT
decrease causes an increase of the time delay of sulfate reduction. The time

delay increases because different kinds of bacteria develop in the reactor at
lower HRTSs.

Concentration of components in gaseous phase

Figure 4.21 shows that an HRT increase results in a decrease of the hydrogen
content in the efluent gas flow, whereas with lower HRT values there is the
presence of methane due to the action of AD and MA (Figure 4.21 A) or
only MA (Figure 4.21 B and C). When the HRT is 0.02 days, there is a high

concentration of hydrogen in the efluent gas flow as only ASRB are present
in the reactor.

70
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Figure 4.21: Effect of HRT on the concentration of components in gaseous
phase. . (A) HRT = 0.5 d; (B) HRT = 0.1 d; (C) HRT = 0.05 d; (D) HRT
= 0.02 d.



Chapter 5

Mathematical modeling of
attached-growth anaerobic
systems

5.1 Introduction

For long time, in the history of microbiology, the bacteria were considered
only as planktonic bacteria that can rapidly multiply and disperse. In 1600s
Anton Van Leeuwenhoek, with his primitive microscope, scraped the plaque
from his teeth and observed the animaluculae that formed a microbial com-
munity. The following studies leaded to discover the sessile microbial com-
munities, i.e. biofilm, different from planktonic bacteria.

The complete definition of biofilm is: a layer of prokaryotic and eukaryotic
cells anchored to a substratum surface and embedded in an organic matriz of
biological origin [119].

The planktonic bacteria can adhere to support surface and begin the for-
mation of biofilm even if there is continuous water flux. The formation of
biofilm is a complex and dynamic process formed by several step: adhesion
to support, formation of attached monolayer and cell proliferation (micro-
colonies), development of mature biofilm, and detachment as schematically
depicted in fig. 5.1.

The advantage of disposing bacteria in biofilms is very important in envi-
ronmental industrial application. The bacteria in biofilm can not be washed
away with the water flow, as suspended bacteria. The bacterial biofilms
allow to achieve higher biomass concentration value in bioreactors, and al-
low the growth of bacteria in bioreactor locations where their food remains
abundant. Also two main characteristics of biofilms offer great advantages

72
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Figure 5.1: Biofilm growth

in environmental application: resistance to antimicrobial agents and forma-
tion in biofilm of several bacterial species. The resistance of antimicrobial
agents allows a better resistance of bacteria when inhibiting agents reach the
wastewater treatment plant (i.e. shock loading). The formation in biofilm of
several bacterial species allows to treat simultaneously both organic and in-
organic substrates. In recent years, the environmental engineering processes
that use bacterial biomass attached to media have generally been referred to
as fixed-growth reactor.

Mathematical modelling of biofilms growth was extensively performed
during the last decades. The first models are based on a continuum descrip-
tion of the biofilms material and conservation principles, [120, 121, 122, 123,
124]. These studies are mostly centered on the biofilm growth dynamics in-
cluding the biofilms thickness and spatial distribution of microbial species
and substrate concentration. The authors modelled the evolution of biofilms
thickness, with biomass detachment, dynamics and spatial distribution of
microbial species and substrates in the biofilm. Later, discrete continuum
models were developed capable to simulate the biochemical processes of the
biofilms growth, [125, 126, 127, 128, 129]. These models can capture var-
ious biofilm growth patterns observed in experiments and strongly suggest
that the biofilm structure is largely determined by the surrounding substrate
concentration. These continuum models can be related to the underlying de-
scription offered by models at the microscopic scale as documented in [130].

Biofilm growth is governed by complex systems of nonlinear partial dif-
ferential equations that are mostly integrated numerically in the above men-
tioned papers. Qualitative analysis has been performed only for special prob-
lems, e.g. [131, 132, 133]. A wide bibliography is reported in [134].

This work presents an analysis of solutions to a free boundary value prob-
lem related to the multispecies biofilm model introduced by [123]. The model
contains two groups of nonlinear partial differential equations. The first sys-
tem of n nonlinear hyperbolic partial differential equations describes the grow
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of microbial species in biofilms. The evolution of the free boundary is essen-
tially dominated by this system. The second group of m nonlinear parabolic
partial differential equations governs the diffusion of substrates. The two
biological processes are reciprocally influenced and so are the two systems.
The integer numbers n and m are arbitrary and may assume different val-
ues. They represent the number of microbial species and the number of
substrates, respectively. The mathematical system is quite general and can
include a large variety of special situations.

The equations which govern the biofilm evolution are considered in section
5.2, where the equation for the free boundary is also derived. In section 3 is
presented a qualitative analysis of a mathematical model for the attached cell
layer in multispecies biofilm formation. In section 5.4 the model introduced
in section 5.1 has been applied to a biological sulfate reducing biofilm.

5.2 1D Model

Consider the 1D grow of multispecies biofilms. The following notations will
be used:
fi(z,t) volume fraction of the microbial species i, > .- | fi =1,
p; constant density,
X; = pifi(z,t) concentration of the microorganism,
S;(z,t) concentration of substrate j, j = 1,...,m,
Tmi(z,t, X;, S;) specific growth rate,
u(z,t) velocity of the microbial mass,
gi(z,t) = u(z,t)p;i fi(z,t) = u(z,t) X;(z,t) biomass flux,
L(t) biofilm thickness,
A constant cross sectional area,
(22 — 21)A 1D control volume.
The mass balance for the microbial species i gives

a z2 z2
AE/ pifi dz = Algi(z1,t) — gi(22,1)] + A/ PiTmi dz,
zZ1 Z1
29 : 29 ] z9

/Z1 pi% dz = —/Zl %ZZ dz + /Z1 PiTmi dz, (5.1)

Differentiate equation (5.1) with respect to zs, then let zo = 2:
of; 0
/ + - (ufi) = rmi, (5.2)

ot ' 0z
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Summing (5.2) on ¢ yields
o <
& = Z T'mi,s (53)

Equation (5.2) is equivalent to > | f; = 1. The remaining part of this
statement will be proved in Sec. 5.2.2.

Equations (5.2) and (5.3) were initially presented in [123], [124]. In the
first sections we will assume

T'mi — Tmi(Z, t, pifl: ceey ,szn) = Tmi(Z, t, Xl: ceey Xn) (54)
The situation where 7,,; depends also on substrates will be considered in Sec.
5.2.4.
Free boundary

Consider the mass balance on [0, L(t)] and denote by p;o;(L(t), t) the biomass
flux between biofilm and bulk liquid

o [

L(t)
- pzfz dz = —pPi0; +/ PiTmi dZ, 1= 1, S n, t > 0. (55)

Summing on ¢ and using (5.3) and (5.10), yields

where .
o= Z ;. (5.7)
i=1

The initial condition for differential equation (5.6) will be
L(0) = Lo, (5.8)

where Ly denotes the initial thickness of biofilm.

5.2.1 Integral system
Consider system (5.2)-(5.3) rewritten in terms of X;

0X; 0X; __ ou
o T UT = Pitmi — 5, X,

, i=1,..,n0<z<L(t), t>0, (59)
3_1; = Zirmia
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with the following initial-boundary conditions
Xi(2,0) = @i(2), u(0,t) =0. (5.10)

The functions ;(z) represent the generic initial concentrations. Condition
(5.10)5 is apparent. Using (5.9), in (5.9); gives the following system of non-
linear hyperbolic equations

0X; N 0X;
ot Y 0z

= PiTmi — XZ Zrmh, 1= 1, oy N (511)
h=1

The characteristics are the lines z = s(zp,t) defined by

0
a_j%’t) = u(s(z0, 1), 1), 5(z0,0) = 2o, 2o € [0, Lo]. (5.12)
By setting
Fy = pirmi — Xi Y 1wy = Fi(2,t, X1, ... X)) = Fi(z,t,X), (5.13)
J

and considering (5.12), system (5.11) reduces to the following system of or-
dinary differential equations

d
%Xi(S(Zo,t),t) = E(S,t,X), 1=1,...n, 0< 20 < Ly, t >0, (514)

with initial conditions
Xi(S(Zo,O),()) = Xi(Zo,O) = (,01'(20), 0 S 20 S Lo, 1= 1, o, n. (515)

Solving system (5.14)-(5.15) gives X; along the characteristics. However, this
does not solve the problem, since the characteristics are unknown. In addi-
tion, note that differential system (5.14)-(5.15) is equivalent to the integral
system

Xi(s(z0,1),t) = ilz0) + [y Fi(s(20,7), 7, X(5(20,7), 7)) dr,

izl,...,n, OSZOSL(), t>0,

(5.16)

which incorporates the initial conditions (5.15).
Now, the integral equation for characteristics is derived. From (5.12)

s(zo,t) = 2o —I—/O u(s(zo,7),7) dr. (5.17)
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On the other hand

- 0s

%u@(%,w,w = 3 st Kot 00 ),

where equation (5.9); has been employed. Hence,

n

a0 = [ S ran(s(G XD GCO e (1)

h=1

Inserting the equation above into (5.17) gives the desired integral equation
for s(zo,t)

s(zo,t):zo—l—/o dT/OZOZTmh (¢, 7), 7, X(s(¢, 7), ))gjo(c 7) d,

(5.19)
which incorporates the initial condition s(zp, 0) = zy. Moreover, since ds/0z
is involved, we also need

0s t 0s
P O(ZO, —1+/0 ;Tmh(S(ZO,T),T,X(S(ZO,T), ))8ZO(ZO’ T) dr, (5.20)

which follows easily from (5.19).
Finally, the integral equation for the free boundary is obtained by (5.6)

L(t) = Ly +/0 u(L(T),T) dr —/0 o(L(T),7) dr. (5.21)

5.2.2 Existence and uniqueness of solutions

The integral system derived in Sec. 5.2.1 will be discussed first in the situa-
tion
o=0. (5.22)

Under this hypothesis, the mentioned system is expressed as

Xi(s(20,1),t) = @i(20) +/ Fi(s(z0,7), 7, X(8(20,7),7)) d1, i=1,...,n
(5.23)

Zo, = Zo—f-/ dT/ZO Zrmh C 7—) T, X( (C T) ))gjO(C T) dC;
(5.24)
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5—;(20,15):1+/ > " run(s(z0,7), 7, X(5(20,7), ))aaso(zo, ) dr, (5.25)

Note that equation (5.21) is included in (5.24) for zy = Ly.
By setting

zi(z0,t) = X;(s(20,1),t), i =1,...,n, (5.27)
ds
xn—l—l(ZOa t) = 8(207t)7 In-‘,—?(ZOyt) Oz (207 t)? X = (xla “'7xn+2)7 (528)
20
Fn+1 t X Zo Zrmh Zo t X( (Zo ) t))&(ZO t) Fn+2 = Fn+1
) Y Y ) 820 Y ) )
(5.29)
system is rewritten as
t
2420, 1) :<pi(zo)—l—/ Fi(rx(20.7)) dr i = 1,om, (5.30)
0
t 20
Tnt1(20,1) = 20 —|—/ dT/ Fo(m,x(¢, 7)) d¢, (5.31)
0 0
t
Tpio(20,1) =1 —I—/ Foio(1,%x(20, 7)) dr, (5.32)
0

Theorem 1. Assume Fj,, h = 1,....,n + 2, Lipschitz continuous and ¢;,
1=1,...,n, continuous:

n—+2
|Fo(x, £) = Fi(X, )] < M Y lan—anl, k= 1,..,n42, ¢; € C((0, Ly)). (5.34)

h=1

Then, if (5.22) holds, there exists a unique continuous solution to system

(5.30)-(5.33):

xp = xp(20,t), h=1,...n+2, 20 €1[0,Lo], 0<t <T, T > 0.
Proof. Consider the vector space V' of the function x,(z,t) continuous on
C(I), I=10,Lo| x[0,7] with norm

n+2
x| = ngp exp(—y120 — 72t)|xn (20, ). (5.35)
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Here, 71,7 are positive constants that will be fixed later on. Consider the
map y = Ax of V into itself defined by

Ax = right-hand side of system (5.30) — (5.32). (5.36)

Let us show that A is a contractive map. Denote by y = Ax and obtain

t n+2

lyi — Uil < )‘i/ Z \zn(20,7),7) — Tn(20,7), 7)| d7, i =1,...,m,
0 p=1

lyi — Uil exp(—7120 — 72t) <

t n+2
)\i/ exp(—y2(t — 7)) Z exp(—y120 — Yo7)|zn(20, 7), T) — Zn(20, 7), 7)| dT <
0

h=1

t
Ai ST
)\in—iH/ exp(—ye(t—7)) dr < —||x—x%x||, i=1,...,n, (5.37)
0 72

20 N2

s =il S Ao [ [ S fan(6m)n) = (G )
h=1

|Yn+1 — Unt1]| exp(—r120 — 72t) <

t 20 TL+2

)‘n+1/ dT/ e~ (20— =2 (t=7) Zeﬂlcﬂﬂfﬂﬂh(é",T),T)—fh(C,T)aT)‘ dc <
0 0 h=1

% ' o (z0=C)—2(t—7) An+1 %
Anptl||x =X|| [ dr [ eTmTYTR d¢ < —[lx—x[[,  (5.38)
0 0 Y172
t n+2
‘yn+2 - gn+2’ < )‘n+2/ Z ’xh(zoﬂ-)a T) - jh('an 7-)77-)‘ dT?

0 h=1

[Ynt2 = Unsol exp(—7120 — 7at) <
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t n+2
/\n+2 / 6_72(t_7—) Z 6—7120—W2T|xh(20’ T)7 T) - jh(z()? T)u T)| dr S
0 h=1
~ t _ (t—T) )\n+2 ~
Anial|x — X|| e 12 dr < ||x — x| (5.39)
0 V2

Summing (5.37)-(5.39) gives

5 N\ A 3
||y—y||S<Z—+ = 4 ”)HX—XII, (5.40)

= 12 N2 "2

Therefore, map y = Ax is a contraction if 7; and ~; are selected such that

Z?:l )\z + )\n+2 1 )\nJrl l
V2 2" my 2

So, the theorem is proved.
Now, properties of solution are derived from Th. 1.
Corollary 1 Under the same hypotheses as Th. 1, if Z?:N"mj > 0 then

0s

5 (01) > 1 (5.41)

Proof. Consider the integral equation
0s ds
z0,t) =1+ r s(20,7), T), 8(20,T), 20, T) dT.
o) /ZW 0. 7)) 520, ), Vg s )
Consider Picard’s process of successive approximations. We start by setting

(22 o=

and determine <§—;}> X (20,1)

(5—;) (0. ) /(Z?‘ma ) (20, 7) dr.
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By continuing in this manner we obtain an infinite sequence of approximating
functions which are not less than 1 and so is the solution.

Corollary 2 Under the same hypotheses as Th. 1, if Z?Zl Tm; => 0 then
the characteristics do not intersect.

Proof. Consider the characteristics z = s(z1,t) and z = s(z9,t), where
29 > 21. Then,

2 9
s(z2,t) — s(21,t) = 878(20,15) dzg > 29 — 21 > 0.
0

21

Corollary 3 Under the same hypotheses as Th. 1, if 2?21 rm; = 0 then
X; can be determined as function of z,t.

Proof. The function z = s(zg,t) can be inverted and gives zy = s7'(z,1).
Therefore,

zi(20,t) = 2;(s7 (2, 1), 1) = Xi(z,1).

Corollary 4 Under the same hypotheses as Th. 1, if F; > 0, ¢; > 0 then

X; > 0. (5.42)

Proof. Consider equation (5.23) and use Picard’s process of successive ap-
proximations with (X;)o = ¢;.

Corollary 5 Under the same hypotheses as Th. 1

n a n
izlfi -1 = a—z =5t (5.43)

=1

Proof. Consider equation (5.9);, rewritten in terms of fraction volume f;

t ou )
fi=wi/pi+ | (rpi— fiz=)dr, i=1,..n, (5.44)
0 0z

where

Z %‘/pz‘ =1,
i=1
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since @;/p;, i = 1,...,n, represent the initial volume fractions. Summing
(5.44) gives

Zfi ZZ%/PH‘/O (Zrmi_Zfi%) dr, (5.45)
i=1 i=1 i=1 i=1

Hence, if Y1 | fi =1,

' ou
0 —/O (Zrm, — a) dr, Vt,

i=1

and after differentiating with respect with respect to ¢

" ou
g 4
;;;7znl - (5.46)

Conversely, under hypothesis (5.46), the function > | f; = 1 is the unique
solution to integral equation (5.45).

Corollary 6 Under the same hypotheses as Th. 1, if F; > 0, ¢; > 0 then

0< fi<1. (5.47)

Proof. Indeed, f;, i = 1,...,n, are positive because of (5.42) and less than 1

since ). fi = 1.

5.2.3 Biomass detachment

The free boundary evolution is governed by equation (5.6), rewritten for
convenience,

L(t) = u(L(t),t) — o(L(t),t), L(0) = Lo, t > 0. (5.48)

As outlined earlier, if 0 = 0, equation (5.48) reduces to the characteristic of
initial point zg = L
S(Lo,t), (549)

and the problem has been solved in Sec 5.2.2. Now, we consider ¢ > 0. A
typical expression is o =constantx L?. In this hypothesis the mathemati-
cal problem describes biomass detachment, loss of biomass due to shear or
sloughing.

Assume that the hypotheses of Corollary 1 hold and ¢ Lipshitz continuous

o(L,t) — o(L, )| < AL — LI, (5.50)
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For any time ¢ denote by zy(t) the initial point of the characteristic through
L(t)

L(t) = s(z0(t),1). (5.51)
Hence,
£(1) = o {an(t).0)20(0) + 5 (o0 6) = 5 (o(0) 020(0) + u(E(0). ).
(5.52)
From (5.48) and (5.52) it follows that
j—jo<zo<t>,t>zo<t> — —o(L(t). 1), (5.53)

and, since 0s/0zy > 1,
Zo(t) < 0. (5.54)

Therefore, the tangent to the free boundary in any point is not grater than
the tangent of the characteristic trough the same point. Since this fact is also
true initially we may conclude that L(¢) is not greater than the characteristic
of equation (5.49). The solution X; for z < s(Lg,t) is known. So we can use
it to obtain the free boundary, as shown below.

From (5.48)

L(t) = Ly —I—/O uw(L(T),T) dr —/0 o(L(T),7) dr, (5.55)

and considering (5.9),

t L(7)
L(t) = L() —f-/ dT/
0 0 .

J=1

n ¢

Tmi (G, T) dC —/ o(L(r),T) dr. (5.56)
0

The function space for solution is: C([0,77]), with norm

||L(t)|| = sup exp(—~t)|L(t)|, v positive constant. (5.57)
(0,77

Consider the map L, = BL, C([0,T]) — C([0,T]) defined by
BL = right-hand side of(5.56) (5.58)
and prove that B is a contractive map. Indeed,

LIy = /Ot ir /;(T) irmj(c,r) dc — /Ot[a(L(T),T) — (L(r), 7)] dr

() 42
(5.59)
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Setting
M:max|irmj(z,t)|, 0<z<s(Lyt), 0<t<T, (5.60)
j=1
we get .
|Ly — Ly| < (M + )\)/0 |L(7) — L(7)]| dr, (5.61)
1Ly - Lifexp(—t) < 520 - g, (5.62)
1Ly — Lyl < |IL = L]|, (5.63)

if v is selected greater than M + .

5.2.4 Substrates

Biofilm growth depends on nutrients: the substrates. In this section the
influence of substrates on biofilm growth is considered and it is assumed

Tmi = Tmi(2,6, X, S), (5.64)

where S(z,t) = (S1(2,1), ..., Sm(2,t)) and Sj(z,t) denotes the concentration
of substrate 7, 7 =1,...,m.

The diffusion of substrates is governed by the equation

05, 0%S;

g~ Pigaz = sl

2,t,X,8S), 0<z< L(t), 0<t<T, j=1,..m,

(5.65)
where D; denotes the diffusivity coefficient and rg;(z,¢,X,S) the conver-
sion rate of substrate j. The following initial-boundary conditions will be
associated to equation (5.65)

Sj(Z,O) = Sjo(Z), 0 S ¥ S Lo, ] = ]_, .., MM, (566)

as, |
E(O,t) =0, SJ(L(t),t) = SjL(t), 0<t<T, j=1...m, (567)
Sjo(Lo) = Sj(0), Sjo(0) = 0. (5.68)

Assume rg; Lipschitz continuous with respect to S, X and

Sjo € 01([0, Lo]), SjL - 01([O,T]) (569)
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Under the hypotheses above the solution to system (5.65)-(5.68) can be ex-
pressed in terms of integral equations by using known results on the heat
equation in general regions [135]

Lo

Sitzt) = | Su(QON(= 1) dg+/ Djwy(r)N (2, L(r),t — 7) dr

/ Sip(T , L(T ),t—T)L(T) — D;N((z, L(7),t —7)] dr
L(7)
/ dT/ rsi(C, 7, X((,7),8((, 7))N(2,(,t—7)d¢, 7 =1,...,m, (5.70)
wit) = [ Sp(G G0 de+2 / $1,(T)G(L(D), L(r). 7) dr
L(7)
—i—2/ dT/ rs;i(C, 7, X(¢, 7),S(¢, 7)) NL(L(t),(,t —7) dC

+2/0 Djw;(T)N,(L(t), L(T),t — 7) dr, j =1,...,m, (5.71)

where the following notations have been introduced

exp(—2?)/4D;t
47TDjt

K(z,t) = , Nz, (,t—17)=K(z—(,t—7)+ K(z+(,t—7),

(5.72)
w;(t) = %(L(t),t), G(z,(t—7)=K(z—(,t—7)—K(2+(,t—71). (5.73)

Systems (5.70)-(5.71) and (5.30)-(5.33) must be considered simultane-
ously, since they are mutually connected by the forcing terms rg; and r,,;. In
Picard’s process of successive approximations, they are solved in series. The
starting approximations are the functions:

QOZ‘(Z), Soj(Z), Lo, 0 S z S Lo. (574)

Using (5.74) in system (5.30)-(5.33) yields approximating solutions for X;
and L(t), which are employed in system (5.70)-(5.71) to find S;. Then, the
process is repeated.

Of course, system (5.65) can be solved numerically, as in the example in
following section.
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5.3 Initial Cell Layer in Multispecies Biofilm
Formation

Mathematical modelling of biofilms growth was extensively performed dur-
ing the last decades. Essentially, two different classes of models have been
developed: continuum models, e.g. among others [123, 124, 134, 136], and
differential-discrete models, e.g. [137, 138]. In principles, methods of statis-
tical mechanics can be used to derive macroscopic equations form the under-
lying description at the cellular scale [130].

Usually, an initial nonzero thickness in biofilm growth is assumed and
the formation of attached cell layer is neglected, fig. 5.4 (A), (B). Neverthe-
less, this biological process can last several days or months, since it depends
on many factors such as physical and chemical characteristics of substratum,
nutrient concentration, hydrodynamic conditions and concentration of plank-
tonic bacteria in the bulk. Therefore, the formation of attached cell layer is
very important in environmental industrial application for wastewater treat-
ment, in particular in the start-up of fixed-growth treatment reactors.

In this section is presented a qualitative analysis of a mathematical model
for the attached cell layer in mutispecies biofilm formation. This biological
process is described by a free boundary problem for nonlinear hyperbolic
equations where the initial biofilm thickness is zero. This problem is differ-
ent from similar free boundary problems for biofilm growth, since the free
boundary is a space-like line. Furthermore, no fictitious initial conditions for
biomass concentrations and biofilm thickness are required. We only need to
know the concentrations of biomass in the bulk liquid and the biomass flux
from bulk liquid.

The objective of this section is the qualitative analysis of solutions and
of properties of the free boundary. The mathematical model is introduced
and the complete free boundary problem is described. The differential equa-
tions are converted, into an equivalent system of Volterra integral equations.
Subsequently, an existence and uniqueness theorem is proved by the classical
fixed point theorem and suitable weighted norms. The properties of solu-
tions are analized. It will be shown that the solutions are positive and the
sum of fraction volumes is equal to 1. In addition, it is proved that the free
boundary is an increasing function of time.

5.3.1 Mathematical modelling of initial cell layer

Consider the initial phase in one-dimensional multispecies biofilm growth.
Let f;(z,t) be the volume fraction of the microbial species 4, Y " | fi = 1, p;
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the constant density, X; = p;fi(z,t) the concentration of the microorganism
i, X = (X1, ..., Xpn), "ari(z, t, X;) the specific growth rate, u(z,t) the velocity
of the microbial mass, L(t) biofilm thickness. In addition, denote by o(t) the
biomass flux from bulk liquid to biofilm. This is the most used convention.
On the other hand, if an opposite definition is adopted, as in [136], o(t) must
be replaced by —o(t) and represents the biomass flux from biofilm to bulk
liquid.

The initial growth process for multispecies biofilms in one space dimension
may be described by the following free boundary problem

0 0 0
aXi(z,t) + u(z, t)aXi(z,t) = pirami(2,1,X) — Xi(z, t)au(z,t), (5.1)

a n
o Uz t) = ZZITM,i(z,t,X), 0<z<L(t), t >0, (5.2)

L(t) = u(L(t),t) + o(t), t >0, (5.3)

where ¢ = 1,...n. Equations (5.1)-(5.3) are derived from the mass balance for
the microbial species as in [123, 124, 136]. The following boundary conditions
will be associated to system (5.1)-(5.3)

Xi(L(t),t) = hit), u(0,£) =0, o(t) >0 >0, L(0) =0.  (5.4)

Condition (5.4); states that the biomass concentrations at the biofilm
boundary are the same as the bulk liquid. Therefore, they are the boundary
conditions in this specific problem, although they are often named initial
conditions in a general mathematical context. Equation (5.4)y is a no flux
condition between substratum and biofilm.

L(t) L(t)

Figure 5.1: Free boundary problem.

The characteristics z = z(t) of system (5.1) are defined by Jz/0t = w.
Since they also depend on the initiation point (L(t),to), fig. 5.1, we will
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use the notation z = c¢(tg,t). Thus, the characteristics are defined by the
following initial value problem

)
elto ) = u(clto, ).8), clto,to) = Lito). (5.5)

Condition (5.4)3 essentially means that the initial curve is not a charac-
teristic. By using the notations

G(z,t,X) ZT’M“ (2,t,X) = pirms — XiG, (5.6)

system (5.1) is rewritten as follows:

%Xi(c(to,t),t) = Fy(c(to,t),t, X(c(to, 1), 1), 0 <ty <t <T,  (5.7)

and after integrating over (o, )

Xi(c(t07t)7t) = ¢i(t0) +/ E(C(t07T)vTvx(C(tmT)vT)) dr. (58)

to

Let us now consider equation (5.2)

@U(C(toat)at) = G(c(to, ), t, X(c(to, 1), 1)). (5.9)
Hence,
ou ou Oc Jdc
a—to(c(to,t)yt) = 9a 0t G(c(to, 1), t, X(c(to, )’t))ﬁ_to(to’t)’
and

S el 0,0) = Glelr, 0,6, X(elr, 0, 0) 557 0,0 < 7 < 1.

Integrating over (0,t() yields

Jc

w(clto, 1), 1) = /0 L Gle(r 1), 8, X (ol ).8)) e (7, 1) dr (5.10)

since u(c(0,t),t) = u(0,t) = 0.
Consider equation (5.3)

L(to) = U(L(to), to) + O'(t()) = U(C(to, to), to) + O'(t()), (5].].)
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and use (5.10)

L(to) = O'(to) + \/0 ’ G(C(T, to), to, X(C(T, to), to))@(’r, to)dT. (512)

or
Hence,
. 0 dc
L(6) = o(0) +/ G(c(T,0),0,X(c(T, 0),0))8—(7, 0)dr,0 < 0 < to,
0 T
and, after integration over (0, t),
to to 0 30
Lity) = / o(0) do + / a8 / Ge(r,0),0, X(c(r.6), ) (7, B)dr.
0 0 0 T
(5.13)
Consider equation (5.5)
0
%C(to, 9) = U(C(to, 9), 9), C(to, to) = L(to), tg <6<t
Integrate over (tg,t)
t
clto,t) = Lito) + [ ulclto,0).6) db,
to
and use (5.10)
t fo oc
c(to, t) = L(to) +/ d@/ G(c(r,0),0,X(c(T,0), 0))8—(7', O)dr. (5.14)
to 0 T

Differentiation of (5.14) with respect to ¢y and some simple manipulations
yield

t
ic(to,t) = o(to) —|—/ G(c(to,e),Q,X(c(to,0),0))&(150,9)619. (5.15)
8t0 to 8t0

The differential system (5.5), (5.7), (5.11) is equivalent to the integral
system (5.8), (5.13), (5.14), (5.15). Indeed, if a solution exists for the integral
system, this can be differentiated and the differential system is recovered.

In the most general biological process the function ry;; can also depend
on substrates. This dependence has been omitted here, since inessential in
the mathematical problem discussed in this work.
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5.3.2 Volterra system

Consider the following positions

zi(to, t) = Xi(c(to, t),t), x(x1, ..., xp), (5.16)

O, (x(to, t), c(to, t),t) = Fi(c(to,t),t,x(to, 1)), 1 =1,...,n. (5.17)
D1 (x(to, ), c(to, t), ety (to, t), 1) = G(c(to, t), t,x(to, t)) ety (Lo, ),  (5.18)
Bpip = Dy (5.19)

By using definitions (5.16)-(5.19), equations (5.8), (5.13), (5.14), (5.15) are
rewritten as

t

2t 1)) = i(to) + / By(x(to, 7), clto, 7), 7)dr, (5.20)

to

to to 0
c(to, t) :/0 o(0) d@—l—/o d@/o D, 1(x(7,0),c(1,0),¢,(7,0),0) dr

t to
4 / d / By (x(7,0), o7, 0), (7, 0), 0)dr, (5.21)
to 0
t
Ciq (to, t) = O'(t()) + / CI)n+2 (X(to, 0), C(to, 0), Ctq (to, 0), «9)d0, (522)
to

Lty) = /0 " /0 ’ Ge(r.0).0.x(r.0))e (1. 6) dr + /0 o0) o, (5.23)

where i =1,..nand 0 <t;g <t <T.

Note that equation (5.23) is separated from system (5.20)-(5.22). Thus,
this system is solved firstly. Then, the solution is used in equation (5.23) to
find L. The following theorem holds for system (5.20)-(5.22).

Theorem 1. Assume o, v;, i = 1, ..., n, continuous and ®; Lipschitz contin-
uous

o, € C([0,T]), i=1,...,n, (5.24)

|CI)Z'(X, C, t) — CI)Z()E, é, t)| S Lz

> lan — dnl + le— 5|] i=1,..,n, (5.25)

h=1

|Di(x, ¢, ¢y, t)—Bi(X, E, Gy, )| < Ly [Z 2 — &n| + ¢ — & + |y — G| | 5 @ = nt+1,n+2.
h=1

(5.26)
Then, there exists a unique continuous solution x;, ¢, ¢;, € C(I) to Volterra
system (5.20)-(5.22), where I = {(tp,t): 0 <t, <t <T}, T > 0.
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Proof. Consider the vector space S of the continuous functions z;, ¢, ¢y, €
C(I) with norm

n

||(x, ¢, el = Z max e 02 1 (to, 1) H—mIaX e M2t e(t, t)HmIaX e T2t ey (o, 1),
i=1

where 7, and -, are positive constants. Let (y,C,Cy, ) = A(x, ¢, ¢,) be the
map defined by the equations below

yitor ) = wilte) + / By(x(to, 7), clto, 7), 7)dr, (5.27)

Clto,t) :/to o (0) d6+/ d@/ 1 (x(7,60), (7, 0), e (7, 6), 6) d
/ d@/ D, 11(x(7,0),¢(1,0),c.(1,0),0)dr, (5.28)

o (to, 1) = o (ty) + / B,10(x(t0, 0), c(to, 0), e (t0, 0),0)d0,  (5.29)

to

where i = 1,..m and 0 < ty < t < T. Denote by (y,C,C,,) = A(X, ¢ é,)
and consider equation (5.27)

|yl(t07 t)) - g’t (to7 t))|6_’71t0—’72t

t n

<L / [Z\xh(to,T) — & (to, )| + |c(to, T) —é(to,T)\]e_“to_”Te_”(t_T)dT.
to | h=1

Hence,

|yi(t07 t)) - gi(t()? t))|6_71t0_72t < Li||(x7 ) Cto) - (5(7 57 5t0)||/727 (530)

i =1,...,n. Consider equation (5.28)
|C(to, 1)) — Cto,t))|e 02t < L +1/ dQ/ [ |xh 7,0) — (7, 0)]

+c(r,0) = &(1,0)| + |c-(1,0) — &-(7,0)]] e~ Mto=2T o= (to—T) ,=72(t=0) 7.

L /t i /0 O [Zm(ﬂ 6) — iin(7. 0)| + |e(r. 6) — (7. )]

+|CT(T 9) (7. Q)” e~ Mto=727 =71 (to—T) ,—72(t=0) -
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Hence,
|C(t07 t)) - é(t()v t))|€_71t0_72t < 2Ln+1||(x7 ) Cto) - (5(7 67 6t0)||/(’7172)‘ (531)

Consider equation (5.29)

n

to
‘Cto(toa t)) - C1750 (to, t))‘ei’ht()iwt < L"+2/ [Z ‘xh(toa 0) - jh(toa 0)’
0

h=1
Hlelto,0) = #t0,0)] + |cxy (b0, 6) — &y (to, 0)]] 0220
Hence,

’Cto (tO, t)) - C~Y7f0 (to, t)) ’ei’ﬂt()i’ygt < LTLJrQH(Xa C, Cto) - (5(7 éa éto)H/ﬁ)/Q' (532)

where

2
p=— ZLi + ——Lni1 + — Lo,
V2 Y172 72

If the positive constants ;1,2 are chosen large enough, then p < 1 and
A is a contractive map. So, the theorem is proved.

Corollary 1. Under the same hypotheses as Th. 1 the function L €
c([o, T7).

Proof. See equation (5.23).

5.3.3 Solution to free boundary problem

The integral system in Sec. 5.3.2 provides the solution for the biomass con-
centrations in the form

XZ' :Xi(C(to,t),t), 1= 1,...,71, (533)
whereas the original problem requires the solution in the form
Xi :Xi(Z,t), 1= 1,...,?7,. (534)

Since
z = c(to, 1), (5.35)
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we immediately realize that a problem of inversion of the function ¢ with
respect to ty arises. This issue is analyzed in the following;

Theorem 2. Under the same hypotheses as Th. 1, if
o(to) > o1, > 0, G(c(to, 1), t,x(c(te, 1),1)) >0, 0<to <t <T, (5.36)

then
c(to, ) > 0, cyy(to,t) >0, 0< tg <t <T. (5.37)

In addition,

L(tg) >0, 0<to <t <T, L(tg) >0, 0<t, <t <T. (5.38)

Proof. Inequalities (5.37) follow from the application of Picard’s process
of successive approximations to integral equations (5.21)-(5.22). Estimates
(5.38) are easily derived from (5.12) and (5.23).

Now, the function ¢ can be inverted and the function (5.34) is obtained.

Theorem 3. Under the same hypotheses as Th. 1, if
Yi(to) > 0, Fi(c(to, t),t,x(c(to, t),t)) >0, 0 <ty <t<T, (5.39)
1=1,...,n, then

Proof. Inequality (5.39) follows from the application of Picard’s process of
successive approximations to integral equations (5.20).

Consider integral equation (5.8) rewritten in terms of fraction volumes
fi = Xi/pi

fi(C(to,t),t) = ¢z(t0)/pz —f-/t (TM,i - sz) dT, 1= ]_, N (541)

Since ;(tg)/pi, @ = 1,...,n, represent the initial fraction volumes, we must
assume

> ilto)/pi = 1. (5.42)
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Now, we expect that the same condition is satisfied by the sum of functions
fi at any time

fe(to,t),t) = Zn: fi=1Vt. (5.43)

This result will be proved in Th. 4.

Theorem 4. Under the same hypotheses as Th. 1, if hypothesis (5.42)
holds, then condition (5.43) is satisfied.

Proof. Summing (5.40) on 7 and using (5.42) yields
¢
Fle(to, t),1) = 1 +/ GO—f)dr 0<ty<t<T,  (5.44)
to

with initial condition
f(C(t(), to), to) =1. (545)
The initial value problem (5.44)-(5.45) has the unique solution f = 1.
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5.4 Biological sulfate reducing biofilm

5.4.1 Introduction

Increasing anthropogenic activity has contributed to local imbalances in the
natural sulfur cycle, leading to serious environmental problems. Industrial
wastewater containing sulfate has contributed to this sulfur imbalance [139].

Sulfate can be removed from wastewaters by chemical precipitation or
desalination processes but at high costs. Biological methods for the removal
of sulfate from wastewater represent an attractive alternative.

A variety of reactors have been applied for biological treatment of sulfate
rich wastewater such as batch reactors [129], baffled reactors [140] and gas-
lift reactors [141, 142] that involve suspended-growth bacteria. In the last
years biological sulfate reducing processes have been developed that involve
a bacterial biomass attached to a media (biofilm), i.e. fixed bed reactors or
fluidized bed reactors [143]. The environmental engineering processes that
use a bacterial biomass attached to a media have generally been referred to
as fixed-growth processes.

Under anaerobic conditions dissimilatory sulfate reducing bacteria (SRB)
use sulfate as a terminal electron acceptor for the degradation of organic
compounds [144]. In this anaerobic process sulfate is reduced to sulfide by
the action of SRB which have the ability of coupling the oxidation of organic
matter (electron donor) to the reduction of sulfate (electron acceptor) and
depend on hydrolytic and fermentative bacteria that degrade complex organic
matter [145].

The advantage of bacteria disposing in biofilm is very important in en-
vironmental industrial application. The bacteria in biofilm differently from
suspended bacteria cannot be washed out with the water flow. This allows to
retain the biomass within the reactor and therefore to operate at shorter hy-
draulic retention time (HRT). The bacterial biofilm allows to achieve higher
biomass concentration in bioreactors, and allows the growth of bacteria in
bioreactor locations where their food remains abundant. Also two main char-
acteristics of biofilms offer great advantages in environmental applications:
resistance to antimicrobial agents and formation in biofilm of several bacte-
rial species. The resistance of antimicrobial agents allows a better resistance
of bacteria when undesired inhibiting agents reach the wastewater treatment
plant (shock loading). The formation in biofilm of several bacterial species
allows to treat different organic and inorganic substrates at the same time.
Biological sulfate reduction in anaerobic fixed growth reactors has been in-
vestigated extensively at lab-scale. In particular, it was pointed out that
the composition of the microbial community influences the performance and
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stability of the overall biological sulfate reducing process [146].

The model proposed in this section includes sulfate reduction by com-
plete and incomplete sulfate reducing bacteria; COD removal by sulfate re-
duction and by acetogenic bacteria; acetate consumption via methanogenesis
[146, 147, 4]. The biochemical mechanisms which regulate the competition
between these trophic groups growing in anaerobic fixed growth reactors are
nevertheless still mostly unknown. Thus, further research is needed to asses
the effect of different process conditions on this competition and to define
control criteria to favor the dominance of one species over the other. Mathe-
matical models aimed at simulating the biochemical process prevailing in an
anaerobic fixed growth reactor should be coupled to experimental studies in
order to: i) address the laboratory experimental procedure; ii) enhance the
design and operation of the treatment systems [116]; and iii) optimize the re-
actor process control criteria [142|. In this study a mathematical model was
developed to describe the bacterial competition in sulfate reducing biofilms.

The objectives of this study include:

e to propose a new mathematical modelling approach to study population
dynamics competition between sulfate reducing and acetate degrading
bacteria in biofilms;

e to propose a new numerical approach to solve a multispecies biofilm
model;

e to describe substrate dynamics, i.e. mass transport of substrates and
their microbial conversion, which take place within the biofilm.

5.4.2 Mathematical model

The dynamics of a biological sulfate reducing biofilm are discussed. Physical,
chemical and biological transient processes are analyzed. The kinetics of
microbial growth and decay are modelled. The model considers the kinetics
of three microbial species: complete oxidizers heterotrophic SRB (X7), which
completely oxidise lactate to C'O,, incomplete oxidizers heterotrophic SRB
(X3), which oxidise lactate to acetate, acetate degraders (X3), and three
reacting components (substrates and products): sulfate (S;), lactate (S3),
acetate (S3), fig. 5.2. The sulfate is used for the lactate oxidation by complete
and incomplete SRB. inert residues (X,) are also taken into account.

The undesired formation of acetate allows the development of acetate de-
graders which compete for space in the biofilm with complete and incomplete
heterotrophic SRB.
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Figure 5.2: Main pathways of biological process

The biofilm growth is governed by the following equations [123, 136],

0X; 0 .
T +a—(uXZ-) =piryi(2,6,X,8), 0 <z < L(t), t >0,i=1,2,3,4 (5.46)
Z b
ou 5
5 = ZTM,i(z,t,X, S), 0 <z < L(t), t >0, (5.47)
i=1
where X; = p;fi(z,t) denotes the concentration of the microbial species

and inert residues ¢ = 1,2,3,4, f; volume fraction of microbial species i,

Z?Zl fi = 1, p; the constant density, u(z,t) the velocity of the microbial

mass displacement with respect to the biofilm support interface, S;(z,t) the

concentration of substrate j = 1,2,3, ra(z,t, X;,S;) the biomass growth

rate, L(t) the biofilm thickness, X = (X, Xo, X3, X4) and S = (51, Ss, S3).
In addition, the biomass growth rates are given by:

Sy S

= hmax,1X — by, X, 5.48
M1 = Mmax,1 1K1,1 iy K271 ¥ S, 141 ( )
S1 S
= [hmax,2X — o Xo, 5.49
Tam2 = Hmax,2 2K1,2 e K2,2 TS, 2482 ( )
S
T’M,S = umaX73X3ﬁj—Sg - bm,ng, (550)

while for inert residues

Tara = bm1 X1 + 0o Xo + by 3X3, (5.51)
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where fimax; denotes the maximum net growth rate for biomass i, K;; the
half-saturation constant of substrate j for biomass 4, b,, ; the decay-inactivation-
rate concentration for biomass i.

The diffusion of substrates is governed by the equations

05, 025,
a—tj— ja—; == TSj(Z,t,X, S), 0<z< L(t), 0<t S T, ] = 1,2,3, (552)
> )

where D; denotes the diffusivity coefficient and rg ;(2,¢, X, S) the conversion
rate of substrate j. These are expressed by

o ,U/max,l Sl SQ ,Umax,Q Sl S2
’I“S 1= — X1 — XQ s
’ Y; Kii+5 Ky + 5 Y, Ko+ 51 Koo+ 5
(5.53)
r - 1 5(1 - le),u/max,lX Sl S2
52 ' Y, 1K1,1 + 51 Ky + 5
]- - Y max
) k) L P % (5.54)
Y, Ko+ 51 Koo+ 5
r _ (]- - )/Q)Mmax,QX Sl SQ i Mmax,?)X S3 (5 55)
53 Yy "Kip+S1Keo+ S Yy Kz + Sy

where Y; denotes the yield for biomass i.
The following initial-boundary conditions will be considered for equations
(5.1), (5.47) and (5.52)

Xi(2,0) = @i(2), u(0,t) =0, 0<2<Ly, 0<t<T, 1=1,2,3,4, (5.56)

Sj('z?O) = SjO(Z)7 0 S < S L07 .] = 172737 (557)
%(O,t) =0, S;(L(t),t) =S5;.(t), 0<t<T, j=1,2, (5.58)

dSs 0S5

-2 = = = <T. .

P (0,1) P (L(t),t) =0, 0<t<T (5.59)

The functions ¢;(2),7 = 1, ..., n, represent the initial concentrations. Con-
dition (5.56), follows from the relationship g¢;(0,¢) = u(0,t)X;(0,¢) of the
biomass flux at z = 0. The functions Sjy(z) represent the initial values of
substrates. The functions S;;(¢) in (5.58)2 are the values of concentrations
in the bulk liquid.

The free boundary evolution is governed by the following ordinary differ-

ential equation
dL
() = u(L).1), (5.60)
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with initial condition:

L(0) = Lo, (5.61)

where Ly denotes the initial biofilm thickness. Equation (5.59) is derived from
the general equation of free boundary by setting the biomass flux o = 0.

An existence and uniqueness theorem for the free boundary problem (5.1)-
(5.60) was proved in [136] under quite general hypotheses. In addition, a
number of properties for solutions was shown. Numerical methods will be
discussed in the following section.

5.4.3 Numerical methods

The qualitative analysis of system (5.1)-(5.60) developed in [136] was based
on the method of characteristics. The success suggests that this method can
be also used in the numerical analysis. In this section we show that the
method can be applied very easily. In addition, it is less expensive than
other methods and allows us to perform computational analysis of transient
biofilm processes very efficiently.

The characteristics of system (5.1) are the lines z = s(s°, ¢) defined by

§(s%,t) = u(s(s%,t),t), s(s°,0) =5, 0<s” < Ly, t>0. (5.62)

By introducing the characteristics and using the notations
4
G=> ry,=G(z1X,8), (5.63)

Fi = piry — XoG = Fi(2,1, X, S), (5.64)
system (5.1)-(5.47) is rewritten as
ou

a—(s,t) =G(s,1,X,8S), 0<s < L(t), t >0, (5.65)
s
X;(s(s%,1),t) = Fi(s(s°,t),t,X,8), i =1,2,3,4, t >0, (5.66)
Consider equation (5.62). Integrating equation (5.62) over (t,,t, ) yields
tn+1
sl st = / u(s(sy,7),7) dr, (5.67)
tn

where 57 = s(s™,t,). Consider equation (5.65). Integrating over (s}, sy . )

yields
St

w1, tn) — u(snh,, tn) = / G(s,tn, X, S) ds. (5.68)

n
m
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Consider the free boundary equation (5.58). Integrating over (t,,t,.1) yields

L(tner) — Lity) :/thu(L(T),T) dr. (5.69)

Furthermore, integrating equation (5.66) over (t,,t,41) gives

tnt1
XZ-(S(SZI, tn+1): tn+1) - Xi(S(SZI, tn)a tn) = / E(S(Sgw T): T, Xa S) dr.
tn

(5.70)
In Sec. 5.2.2, equations (5.67)-(5.70) will be integrated by using a fourth-
order Runge-Kutta method. The flow-chart is illustrated in fig. 5.3.
Consider diffusion equation (5.52). Finite difference methods for parabolic
equations can be used, e.g. [148]. Recent finite difference methods introduced
in [149, 150] could also be experienced in future 2D and 3D applications. In
Sec. 5.2.2, in the forward Euler method will be used and we obtain
R i(Sﬂ — 287+ ST 1)+ A (5.71)
Jm m(Az)? Jym—1 Jm Jym+1 S,g,m> )
where
TS im = Tsj(mAz,nAt, X7 S ). (5.72)

5.4.4 Results and discussion

5.4.5 Simulation set 1: Effect of the COD/SO? ratio
on the biofilm sulfate removal performances

Parameter values used for the simulations

The mathematical model proposed in this section has been applied to
simulate the sulfate reduction process in a biological biofilm with an initial
thickness of 2 mm. The initial conditions and biological parameters adopted
in the simulations are reported in table 5.1. Values of the kinetic parameters,
stoichiometric parameters and mass transfer coefficients according to [142]
and [151] were used except for lactate mass transfer coefficient which resulted
from the procedure proposed by [152].

By application of empirical formula of [153], the molecular diffusion co-
efficient, earlier in water D,, and after in biofilm D, was determined. The
formula can be described as follows:

(oo My)°°T

D,=74x10"%
Mb‘/IZO.G
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Figure 5.3: Flow-chart

where ¢, is solvent association parameter (2.6 for water), M, molecular
weight of solvent (18 g for water), T absolute temperature (expressed in
K), up solvent absolute viscosity (0.7208 cp for water at 35°C'), V, molecu-
lar volumes of solute as liquid at its normal boiling point (cm3mol™!). To
obtain the diffusion coefficients in biofilm, the diffusion coefficients in water
were multiplied by a factor of 0.8 to correct the additional diffusion resistance
in the biofilm [154].

The computed values of molecular diffusion coefficients in dm? per day
for sulfate, lactate and acetate are 0.00732 (dm?/d), 0.00980 (dm?/d) and
0.00835 (dm?/d) respectively.

Figs. 5.4 and 5.5 show the results of model simulations performed to
assess the COD/SO;™ ratio effect on the reactor performances in terms of
volume fractions of bacteria and concentration trends of substrates in biofilm
for a 0.5 days time simulation. COD/SO7™ ratios, in the range 0.125-1 were
investigated.

Species and volumetric fractions of bacteria growing in the biofilm

Firstly the influence of the COD/SO7™ ratio on the bacteria prevailing
in the biofilm was studied. The simulated film structures at four different
COD/SO7 ratios are shown in fig. 5.4. This figure indicates a high presence



5. Mathematical modeling of attached-growth anaerobic systems 102

Parameter Unit SET A SET B SeT C SET D
COD Concentration gCoODI~1 0.2 0.1 0.05 0.025
Sulfate Concentration gl—1! 0.2 0.2 0.2 0.2
Time Simulation h 12 12 12 12
Initial Biofilm thickness mm 2 2 2 2
Initial Volume Fraction of SRB - 0.3 0.3 0.3 0.3
Initial Volume Fraction of SRB - 0.3 0.3 0.3 0.3
Initial Volume Fraction of AD - 0.3 0.3 0.3 0.3
Initial Volume Fraction of Inert - 0.1 0.1 0.1 0.1

Table 5.1: Operational parameters used for model simulations. Set 1
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Figure 5.4: Effect of the COD/SO;™ ratio on the volumetric fraction of
the bacterial species in biofilm. A: COD/SO; =1, B: COD/SO; =0.5, C:
COD/SOi =0.25, D: COD/SO;=0.125

of acetate degraders at the inner layer of biofilm whereas SRB are dominant
over acetate degraders at the outmost layer of biofilm. It is interesting to
note that the area of acetate degraders in the biofilm becomes broader at
decreasing COD/SO7™ ratios, figure 5.4 C and D. This occurs since the
decreasing of C'OD surface load implies a lower sulfate reduction by the
action of complete and incomplete SRB. In the deeper of biofilm sulfate
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Figure 5.5: Effect of the COD/SO;™ ratio on the substrate trends in
biofilm. Green line: sulfate concentration; red line: C'OD concentration;
blue line: acetate concentration A: COD/SO3™ =1, B: COD/SO; =0.5, C:
COD/SOi =0.25, D: COD/SO3=0.125

concentrations are lower than in the superficial layer of biofilm, therefore the
acetate degraders prevail over the SRB. When the COD/SO;™ ratio is low
the volumetric fraction of bacterial species is less homogeneous than at high
COD/SO7™ ratios, fig. 5.4 C and D. .

Trends of substrate concentrations in biofilm

The different kinds of bacterial species growing in the biofilm at different
COD/SO7 ratios imply a different concentration trend of substrates in the
biofilm. Figure 5.5 shows that a COD/SO7™ ratio increase causes an increase
of sulfate reduction. When the COD/SO;™ ratio is 1, (fig. 5.5 A) there is a
sharp decrease of sulfate concentration troughout the biofilm depth, with a
concentration near to zero in the inner layer of biofilm. This occurs because
the concentration of COD is not limiting for SRB metabolism.

When the COD/SO; ratio is less than 0,5 (figure 5.5, B, Cand D ) COD
is limiting implying a decrease of the sulfate reduction rate. Many authors
have reported the accumulation of acetic acid in several types of reactors
working under sulfate-reducing conditions, and most of them agree that ac-
etate is the bottleneck of sulfate reducing processes [146]. It is interesting to
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note that the acetate production becomes broader at higher COD/SO7™ ra-
tios. This was expected, since, at high COD/SO3™ ratio both complete and,
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Figure 5.7: Effect of simulation time on the volumetric fraction of the bac-
terial species in biofilm. A: Simulation time—=12h, B: Simulation time—=24h,
C: Simulation time=36h, D: Simulation time—=48h
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Figure 5.8: Effect of simulation time on the substrate trends in biofilm.
Green line: sulfate concentration; red line: C'OD concentration; blue line:
acetate concentration. A: Simulation time=12h, B: Simulation time=24h, C:
Simulation time=36h, D: Simulation time=48h

in particular, incomplete SRB increase their metabolic activity, according to
equations 5.48 and 5.49.

The relationship between COD/SO3™ ratio and biofilm thickness is shown
in figure 5.6. At high COD/SO3™ ratios there is no increase of biofilm thick-
ness. This is because SO3~ becomes a limiting substrate for biofilm bacteria
metabolism and hence for biofilm growth.

5.4.6 Simulation set 2: Effect of simulation time on the
biofilm sulfate removal performances

Species and volumetric fractions of bacteria growing in the biofilm

The effect of different simulation times was studied. When the simulation
time increases the biofilm thickness increases, as expected. The effect of four
different time simulations, and therefore, four different biofilm thicknesses
are shown in figure 5.7 . The initial conditions and biological parameters
adopted in the simulations are reported in table 5.2. Difference in biofilm
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Parameter Unit SET A SET B SeT C SET D
COD Concentration gCoODI~1 0.2 0.2 0.2 0.2
Sulfate Concentration gl—1! 0.2 0.2 0.2 0.2
Time Simulation h 12 24 36 48
Initial Biofilm thickness mm 2 2 2 2
Initial Volume Fraction of SRB - 0.3 0.3 0.3 0.3
Initial Volume Fraction of SRB - 0.3 0.3 0.3 0.3
Initial Volume Fraction of AD - 0.3 0.3 0.3 0.3
Initial Volume Fraction of Inert - 0.1 0.1 0.1 0.1

Table 5.2: Operational parameters used for model simulations. Set 2

structure occurs when the time of simulation is greater than 1 day (figures
5.7 C and D). In this cases AD are predominantly active at the inner layer
of the biofilm, while both complete and incomplete oxidizers SRB are found
to be predominant at the outmost layer of biofilm.

Trends of substrate concentrations in biofilm

The four different diffuse substrate concentration trends in biofilm, for
four different time simulations, are shown in figure 5.8. The trends of sulfate,
COD and acetate concentrations is quite similar for all four simulations, in
agreement with Dirichlet boundary condition.



Conclusions

e The experimental tests demonstrate the advantages for the anaerobic
digestion process resulting from mixing different organic wastes. The
first benefit is related to the possibility to make the digestion process
faster, producing a significant amount of methane even in digesters
sized with a low hydraulic retention time (HRT).

e Mixing OFMSW with a lower degradable but ammonia richer substrate,
such as livestock manure, implies that the system is better shelter by
sharp drop in pH, that is the main cause of the digestion process failure.

e Once the characteristics of the pure substrates are known, the mathe-
matical model permits to evaluate a priori which substrates should be
mixed and their percentages to optimize the performance of the pro-
cess. Therefore the mathematical model can be reasonably applied for
the co-digestion systems design.

e The mathematical model proposed is capable to assess the effect of the
OFMSW particle size on the methane production rate and cumulative
formation of a system performing an OFMSW and sewage sludge co-
digestion process.

e The mathematical model can be used to assess the maximum OLR in-
crease due to OFMSW addition that an anaerobic digester can tolerate.
In particular, it can be applied to optimize the OFMSW addition into
the anaerobic digesters of the MWWTPs. Model simulations show as
an OLR excess results in a pH drop and thus a digester failure.

e The experiments demonstrated that K depends only on the nature
and composition of the organic waste, while K is independent of the
PSD of the OFMSW. The model calibration can therefore be performed
on organic waste of any PSD and a PSD variation (e.g., if the OFMSW
is pre-triturated) does not affect the calibrated Ky, value.

107
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e In the mathematical model of biological sulfate reduction gas-lift re-
actor, special attention is given to the competition between sulfate
reduction and methanogenesis in the biological system. The proposed
model adequately simulates the bioconversion processes in the gas-lift
reactor, both under steady state and dynamic conditions. The model,
also, gives a good prediction of the gas production and transfer from
the liquid to the gas phase. The effects of the variations of the opera-
tional conditions on the bacterial competition in the gas-lift reactor can
be properly predicted with this model, which thus can be used for pro-
cess optimisation and control. Application of the present model shows
that the hypotheses of the design model proposed by [3] are correct,
confirming that the design model of [3] is a proper tool for sizing such
bioreactors.

e In this work an analysis of solutions to a free boundary value problem
for a multispecies biofilm growth model in one space dimension has been
presented. The mathematical model is quite general and can include a
large variety of special situations. An existence and uniqueness theorem
is discussed and properties of solutions are given. The proposed model
is able to simulate the competition among the bacteria growing in the
biofilm. The method of characteristics is introduced for the numerical
process. As in the qualitative analysis of solutions, where it was first
presented, this method seems to be a powerful tool in this situation
also. The model has been applied to simulate the sulfate reduction
process in a biofilm for several purposes. In particular the effect of the
COD/SO7 ratio and the effect of different simulation times on the
reactor performances in terms of volume fraction of bacterial species
and substrate diffusion trends in biofilm have been assessed.

e The initial attached cell layer in multispecies biofilm growth is consid-
ered. The corresponding mathematical model leads to discuss a free
boundary problem for a system of nonlinear hyperbolic partial differ-
ential equations, where the initial biofilm thickness is equal to zero.
No assumptions on initial conditions for biomass concentrations and
biofilm thickness are required. The data that the problem needs are
the concentration of biomass in the bulk liquid and biomass flux from
the bulk liquid. The method of characteristics is used to convert the
differential system to Volterra integral equations for which an existence
and uniqueness theorem is proved.
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Figure A.3: Petersen Matrix for suspended-growth sulfate reducing model
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Figure A.5: Petersen Matrix for model 1B proposed by Esposito et al. (2009)
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